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SUMMARY 
An iterative procedure to compute detailed velocity 
and pressure distributions on the surface of thick wing 
tips is developed using potential flow theory. The method 
uses a two-dimensional surface vorticity distribution as 
an initial approximation. Therefore, the two-dimensional 
problem is first formulated in the form of an integral 
equation using vorticity as the surface singularity. 
This is solved by the Elementary Vortex Distribution 
technique. The continuous, piecewise linear surface 
vorticity distribution so obtained is directly equivalent 
to the velocity distribution. A comparison of the flow 
computed on a circular cylinder with the exact analytical 
results provides a measure of accuracy. The two-dimensional 
noncirculatory and circulatory flow is computed for NACA 
basic thickness form airfoils. 
The iterative procedure is mathematically formulated 
for the semi-infinite circular cylinder with a hemispherical 
tip. The numerical results for this case exhibit good 
convergence in three iterations to give the three-dimensional 
velocity distribution on the tip region which merges smoothly 
with the two-dimensional distribution further inboard from 
the tip. 
A modified iterative procedure is used to compute the 
Xlll 
nonlifting potential flow for the semi-infinite NACA 0012 
wing with half-body-of-revolution tip and the NACA 0012 
wing of aspect ratio three. The chordwise surface velocity 




Potential flow solutions have been used successfully 
for many years to predict the real flow situations for a 
surprisingly large range of aerodynamic problems. Inviscid, 
incompressible fluid flow theory agrees very well with the 
low speed real flow except in wakes and for problems in-
volving regions of separated flow. Moreover, the potential 
flow solutions are almost always essential for viscous flow 
calculations and the accuracy of the latter depends to a 
large extent on that of the former. These are some of 
the primary reasons which account for the continued interest 
in attempts to develop new computational methods for po-
tential flow problems. The aim of the present investiga-
tion is to develop a numerical method to compute detailed 
velocity and pressure distribution on the tip region of 
thick wings using potential flow theory. 
The wake downstream of a lifting wing is a surface 
of tangential velocity discontinuity in potential flow and 
may therefore be considered as a surface distribution of 
vortices. It has long been known that self-induced distor-
tions cause the edges of the wake to rollup into a pair of 
counter-rotating tip vortices. However, the exact 
2 
mechanism of the rollup and the structure of the tip vortex 
are not completely understood. This knowledge is required 
for a more accurate computation of the chordwise velocity 
and pressure distributions on the lifting wing and the wing 
loading. An improved analysis of the blade/vortex inter-
action for a helicopter also depends to some extent on a 
better understanding of the various aspects of the tip 
vortex. The knowledge of the precise flow field in the tip 
region of the wing is in turn essential for a proper study 
of the tip vortex and related problems. The present work 
describes a procedure to compute the detailed flow field on 
the surface of nonlifting wings. Therefore, this study 
takes only a first step towards solving the more complex 
problems of lifting wings. It should also be noted that the 
potential flow approach to the problem affords considerable 
simplicity in the mathematical formulation and the numeri-
cal computation. 
The governing equations of the potential flow prob-
lems which are considered in the present work are briefly 
described in the following section. A review of the methods 
for solving the equations is presented in Section 1.2. 
The integral equation formulation of the two-dimensional 
problems using a surface vorticity distribution is given in 
Chapter II. An Elementary Vortex Distribution technique 
is utilized to approximate the integral equation by a set 
3 
of linear algebraic equations. The solution of this system 
of equations directly gives the surface velocity distribu-
tion. The two-dimensional flow solutions are obtained for 
a circular cylinder and for NACA basic thickness form air-
foils. 
The general outline and development of an iterative 
procedure utilizing surface vorticity distribution to com-
pute the three-dimensional flow field on the tip region of 
a semi-infinite body is presented in Chapter III. The 
mathematical formulation is illustrated for a semi-infinite 
circular cylinder with a hemispherical tip. The applica-
tion of the basic iterative scheme to this case and the ap-
plication of a modified iterative procedure to a semi-
infinite symmetrical wing with half-body-of-revolution tip 
is presented in Chapter IV. The modified scheme is ex-
tended to compute the flow field on a finite, nonlifting, 
symmetrical wing and this case is discussed in Chapter V. 
The concluding remarks and some suggestions for possible 
extension of the present work are given in the last chapter. 
1.1. The Statement of the Problem 
of Potential Flow 
The steady flow of an incompressible and inviscid 
fluid in the region, R, exterior to (or interior to) a 
given boundary surface, S, is adequately described by the 
4 
equation of continuity 
- > • 
V-V = 0, (1) 
and the Eulerian equation of motion 
(V-V)V = - Ivp . (2) 
It has been assumed that all body forces are conservative 
and their potentials have been absorbed in the pressure-
In addition, it is assumed that the locations of all boundary 
surfaces are known and the normal component of fluid veloc-
ity is prescribed on the boundaries. Mathematically 
speaking 
V-n = F . (3) 
s 
For the exterior problem (body immersed in fluid), a 
regularity condition at infinity must also be imposed. 
The velocity field is also irrotational for all 
flows that can be generated from rest by the action of 
conservative body forces or by the motion of the boun-
daries. Then the velocity field, V, can be represented 
as the gradient of a scalar potential function, $. How-
-> 
ever, it is more convenient to express V at any point of 
the region R as 
V = V + v . (4) 
5 
The velocity field, V^, would exist in R in the absence 
of the boundary surface. The vector v, the disturbance 
velocity field due to the boundaries, is assumed to be 
->-
irrotational so that v may be expressed as 
v = V<j) 
Since V satisfies Eq. (1), Eqs. (4) and (1) give 
V-v = 0 . (6) 
Combining Equations (5) and (6), it is found that the 
potential, $, satisfies the Laplace's equation 
V2cJ) - 0 (7) 
in region R. The associated boundary condition on $ from 





= -V -n + F . (8) 
The regularity condition at infinity is 
|V(J>| + 0 . (9) 
The equations (7), (8), and (9) completely describe the 
potential flow problems considered in the course of the 
present investigation except that all the boundary surfaces 
will also be assumed to be impermeable. Consequently F is 
set equal to zero. 
6 
- > • - > • 
The onset flow, V , must be such that v is a po-
tential flow. In the usual case of potential onset flow, 
the condition is obviously satisfied. In principle, how-
ever, there is no other restriction on V . 
oo 
The essential simplicity of the potential flow 
formulation is that the velocity field is determined by 
Eqs. (4), (5), and (7)-(9), completely independent of the 
equation of motion. The latter, Eq. (2), is used to calcu-
late the pressure field once the velocity field is known. 
The special case of a steady uniform onset stream offers 
additional simplification. Then, Eq. (2) can be integrated 
to give the pressure coefficient in terms of the velocity 
field as 
P~P u l i 2 
c D = I — ^ = i - ^ — • d o ) 
1 fp v» 1$ I2 
1 oo 
The problem defined by Eqs. (7)-(9) is the well-
known Neumann problem of potential theory. The fluid-
dynamic problems under consideration here have, in addi-
tion, certain special features. For the exterior flow, the 
major interest lies in the solution on the boundaries 
though the extent of $ is infinite. Also, the boundary 
conditions for a variety of boundary surfaces remain un-
changed. The significance of these features will be ap-
parent in the following sections of the thesis. 
7 
1.2. Review of the Methods of Solution 
Laplace's equation is one of the simplest and best 
known of all the partial differential equations. The exact 
analytical solutions of the direct problem as defined by 
Eqs. (7)-(9) can be obtained only by the technique of 
the separation of variables in axisymmetric and three-
1 2 
dimensional cases. However, separability conditions ' 
restrict the solutions to an extremely limited class of 
boundary surfaces. This technique, though applicable to 
two-dimensional problems, is not commonly used. The primary 
difficulty lies in satisfying the boundary conditions. For 
3 4 
two-dimensional problems, conformal transformations' ' of 
the boundary offer a simple and more useful alternative. 
5 
For instance, Theodorsen's method maps an airfoil into a 
pseudo-circle by an inverse Joukows'ki transformation and 
then into an exact circle by a second transformation. The 
procedure can be generalized by using one or more inverse 
Karman-Trefftz transformations. A large number of two-
dimensional and axisymmetric solutions have been obtained 
3 4 
from indirect methods ' also. They involve the superposi-
tion of the stream functions of a set of singularities 
(point sources, line sources, doublets, and vortices) and 
the onset flow to calculate streamlines, any one of which 
may form a boundary surface. These methods are not useful 
when the boundary is prescribed. The number of exact 
8 
analytical solutions thus available is far too small to 
suit wide practical applications. The chief value of these 
solutions is to evaluate the accuracy of other methods of 
solution. 
The approximate solutions of the direct potential 
flow problem received most of the attention of a majority 
of investigators before the advent of high-speed digital 
computers. Linear Theory spans a large class of approxi-
mate solutions which is based on one or both of the fol-
lowing assumptions: (1) the body is slender, with small 
local surface slope; (2) the velocity components due to the 
body are small perturbations on the onset flow. This 
obviously excludes a variety of problems of practical 
interest. In some instances, the results behave in a 
fictitious manner e.g., the pressure distribution at 
the nose of an airfoil approaches infinity. Moreover, the 
validity of the theory for a given body is not always 
predictable. Another type of approximate solution, first 
7 
introduced by Karma"n, uses a distribution of various types 
of singularities interior to the body surface. In some 
cases, the general solution can be written in closed form 
while in others considerable computation is required to 
obtain the solution. All of these techniques place restric-
tions on the type of body about which flow can be computed. 
Also, the approximate solutions introduce analytical approxi-
mation into the formulation itself, imposing a limit on 
9 
the accuracy that can be obtained. 
The exact numerical methods have been steadily gain-
ing importance in the last decade or so. They now constitute 
an important aspect of the relatively new but rapidly ex-
panding discipline of Computational Fluid Dynamics. One of 
the striking features of these methods is that the analy-
tical formulation, including all equations, is exact. The 
errors resulting from the numerical approximations intro-
duced for purposes of calculation can, in principle, be 
made as small as desired by sufficiently refining the nu-
merical procedures. These methods are also best suited for 
solving the potential flow problems for arbitrary boundaries. 
The most straightforward way of solving the problem defined 
by Eqs. (7)-(9) is by finite difference approximations of the 
Laplacian. But, this is not a very efficient procedure, even 
more so if the solution is desired only on the boundary sur-
face as is the case in a large variety of fluid dynamic 
problems, 
An especially efficient procedure for two- and three-
dimensional bodies has been formulated using Green's Theorem. 
g 
Lamb shows that any solution of the Laplace's equation can 
be expressed in integral form over the bounding surfaces 
where the surfaces are replaced by distributions of singu-
larities (sources, doublets, and vortices). The elementary 
potentials of these singularities satisfy the regularity 
condition at infinity and the linearity of the Laplace's 
10 
equation suggests that any linear combination of the 
singularities is a valid solution. The integral equation 
(usually a Fredholm integral equation of the second kind 
for source distribution, and a Fredholm integral equation of 
the first kind for doublet and vorticity distributions) so 
derived is mostly replaced by a set of linear algebraic 
equations which are numerically solved. Once the surface 
singularity distribution is known, the velocity and pressure 
fields can be readily computed. One of the most important 
advantages of this procedure lies in the fact that the po-
tential flow solution can be computed on the body surface 
without considering the remainder of the flow field. 
The surface source distribution method, first stated 
9 10 
by Lotz and later developed and extended by Vandrey has 
been extensively used in the recent past with considerable 
success to solve the direct potential flow problems for a 
large variety of boundary surfaces. Giesing describes in 
detail the problem of two-dimensional airfoils. The 
pioneering work of Hess and Smith for extension to three-
dimensional surfaces of arbitrary shape is documented in 
detail in Reference 12. In their basic approach, the body 
surface is approximated by plane rectangular surface 
elements, over each of which the source density is assumed 
4. v. TT 13,14,15,16,17 ^ _ 
to be constant. Hess presents the improve-
ments to the basic approach and the applications to dif-
ferent types of bodies. The emphasis is on the surface 
11 
source method and the vorticity distribution is superimposed 
only to provide the circulation for the cases of lifting 
18 
bodies. Geissler computes the potential flow about the 
bodies of revolution by a combination of source, sink, and 
vorticity distributions on the surface. The two-dimensional 
integral equation is reduced to one dimension by means of 
Fourier series expansions for velocity/ source, and vorticity 
19 
strengths. Pien points out the disadvantage of the surface 
source methods, namely, the difficulties in computing the 
velocity potential, velocity, and pressure on the surface 
even after the source densities are determined. This is 
20 
overcome by using the doublet distributions. Summa 
developed a numerical method based on a "step" doublet 
distribution over each element of a discrete set of approxi-
mate quadrilateral elements on the surface. This method is 
applied to the exact calculation of three-dimensional lift-
ing potential flows. 
The alternate approach based on surface vorticity 
21 
distribution, first suggested by Prager , has attracted 
22 
only limited attention. In Germany, Martensen , Jacob, 
23 
and Riegels have developed a procedure for two-dimensions, 
based on the stream function. The boundary condition is 
that the total tangential velocity be zero on the inside of 
the profile curve. This results in a Fredholm integral 
equation of the second kind. Computationally, the procedure 
12 
is equivalent to a distribution of a set of concentrated 
24 25 line vortices at the control points. Mavriplis ' 
considers the problems of a single airfoil and a two-
element airfoil. It is indicated that the surface vorticity 
methods may be more accurate than the surface source 
methods. A surface vorticity method for axisymmetric flows 
has been developed by Klein and Mathew . A three-
dimensional formulation based solely on surface vorticity 
27 
was put forward by Kress , but this explicitly deals with 
the case of a nonsimply connected body such as a torus. 
The surface vorticity formulation has certain ad-
vantages over other methods which deserve careful atten-
tion. This is the only procedure which directly gives the 
surface velocity - the important quantity - as the solution 
of the integral equation. This follows from the fact that 
the discontinuity in the tangential velocity is proportional 
to the local vorticity strength and, if the interior 
velocity is zero, the surface vorticity distribution is 
equivalent to the surface velocity field. Also, the vor-
ticity represents the physically observed phenomenon most 
closely. In contrast, sources and doublets are rather 
fictitious as surface singularities. For lifting bodies, 
some vorticity is unavoidably required to provide the 
necessary circulation. The author finds it more natural to 
formulate the entire problem of incompressible, inviscid 
13 
flow, in terms of vorticity. In the following chapter, the 
integral equation formulation for two-dimensional nonlifting 
and lifting bodies is presented. The integral equation is 
solved by utilizing an Elementary Vortex Distribution 
technique for a right circular cylinder and for the NACA 




2.1. Integral Equation Formulation 
The basic problem of determining the potential 
flow on a two-dimensional body placed in infinite fluid 
medium is approached by replacing the body surface by a 
sheet of unknown vorticity strength distribution. The 
velocity associated with the vorticity sheet can be com-
puted at any point in the flow field by the application of 
3 
the Biot-Savart law . On the sheet itself, the induced 
velocity at any point P (see Figure 1) is given by 
Fy (s) ds 
v 




r = (Xp-x) i + (zp-z)k, 
e= [(z -z)i - (x^-x)k]/| r | , 
2 2 1/2 
ds = [ (dz)z+(dx)z] 7 









The zero normal velocity boundary condition gives 





n = -sin0pi + cos0pk, 
tan 6p = (§|) 
Combining Eqs. (11) and (12) a Fredholm integral equa-
tion of the first kind for the unknown vorticity strength, 
y, is obtained as, 
y(x) ( z p -
z ) s i n 0 p + ( x p - x ) c o s 6 p 
2TT x p - x ) + ( z p - z ) 
] [ 1 + ( | | )
2 ] 2 dx 
-V s i n P ' 
(13) 
Since the region exterior to the body is not simply 
connected, an auxiliary condition must be specified for 
g 
uniqueness of the solution. The total circulation around 
a closed path enclosing the body is defined as 
r = v dt . (14) 
For the specific case of uniform onset flow, 
1 7 
r = (b y(s)ds . (15) 
The problem reduces essentially to solving Eq. (13) subject 
to Eq. (15) with specified total circulation T. Nonlifting 
flows are noncirculatory and F is set equal to zero. Non-
zero circulations are associated with lifting flows and 
there, T is arbitrary except when the body has a sharp 
edge. In the latter case, the Kutta-Joukowski condition 
fixes, once and for all, the value of the total circulation. 
For an airfoil with a sharp trailing edge, this condition 
requires that the circulation be of just sufficient strength 
to make the flow leave the airfoil smoothly at the trailing 
4 edge. This can be more explicitly expressed as follows. 
If the trailing edge angle is finite, the velocity at the 
trailing edge must be zero; otherwise a velocity dis-
continuity which cannot be permitted will result. For a 
cusped trailing edge, the velocity must be finite and have 
the same magnitude on either side of the airfoil as the 
flow leaves the trailing edge. 
2.2. Method of Solution using EVD 
A careful examination of the integral equation, Eq. 
(13), reveals that the kernel of the equation has a singu-
larity at x = Xp- This indicates that a direct analytical 
solution will be extremely difficult, if not impossible, to 
obtain; even more so if the profile curve of the body is 
not expressible in simple functional form. The possibility 
of an appropriate iterative numerical procedure suggests 
itself but a singular integral equation of the first kind 
may not be easy to handle. Alternatively, the integral 
equation may be approximated by a set of linear algebraic 
equations which may be solved by any one of the usual 
numerical techniques. This approach is adopted here large-
ly because of its conceptual simplicity. The integral equa-
tion is reduced to a set of linear algebraic equations by 
the following finite element method. 
The boundary region, that is, the vorticity sheet is 
divided into a finite number of small surface elements, 
Each of the surface elements contains an unknown vorticity 
distribution. A control point is selected on each of the 
elements, and the procedure requires that the zero normal 
flow boundary condition be satisfied at each of the control 
points, i.e., 
vi + ^oo^i = °' i = 1,2,,..,N . (16) 
Using the set of Eqs. (12), the Eq. (16) can be rewritten 
as 
v± - V^sin eir i = 1,2,...,N . (17) 
,9 
The normal component of the induced velocity at the i-th 
control point, (x.,z-), due to the vorticity distribution 
on the j-th element (see Figure 2) may be expressed as 
Av! . = 
13 
x 1 
r j + 1 y\ (x) (x--x)cos8- + (z---z)sine. . 9 y 
l ^ T ^ " ,2 . ,2 LHi+(|f)
2}2dx, X . 
J 
2 2 
(xi-x) + (zi-z) 
(18 
using the Biot-Savart law. Therefore, the total normal in-
duced velocity at the i-th control point due to the entire 
vorticity sheet is 
N 
v- = Z Av!. 
1 j = l ^ 
(19) 
Next, it is necessary to find a model, preferably 
a simple one, to represent the unknown vorticity distribu-
tion, y'. (x) , over each of the elements. If y \ (x) can be 
expressed as 
Y'M = Y'-g^ (x) 20) 
then from Eq. (18) 
A v i j = ^ j -Mj 21 
where 
A! . = 
ID 2TT 
x 1 
j + 1 (x.-x)cos6. + (z--z)sinO. 2y 
^Mi-i — ~ 2 / 2 ' H U ( g ) ^ 
Jx- J (xi-x) +(zi-z) 
20 
j-y 
j + i 





-+ Surface Elements 
Control Point 
Figure 2. Surface Elements and Control Points for Two-
dimensional Bodv 
21 
The term A!., the induced velocity influence coefficient, i 
the induced velocity at the i-th control point due to the 
j-th elementary vorticity distribution of unit magnitude. 
The advantage of this formulation is that only one unknown, 
Y•, is associated with one element. It will be seen short-
ly that a set of linear algebraic equations can be easily 
constructed with the same number of unknowns as equations. 
Before that, a simple model for the distribution function, 
g^ (x), will be defined. 
The representation for g'-(x) adopted here, consists 
of a continuous, piecewise linear vorticity distribution 
approximating the correct distribution as closely as pos-
sible yet not sacrificing simplicity. As shown in Figure 
3, all linear elementary distributions are actually equiva-
2 8 
lent to a set of overlapping triangular distributions 
Each triangular distribution spanning two successive 
surface elements will be called an Elementary Vortex 
Distribution (EVD). Each EVD can be represented by only 
one unknown which is the vortex intensity value, y • , at 
the apex of the vorticity distribution over the j-th EVD 
station. The normal component of induced velocity at i-th 
control point due to the j-th EVD can be written as 
A V i j = T j A i j , (22) 
22 
Y (x) 
(1,4) = (1,2) + (1,3) 
V X 






ij 2TT J 
f j+1 (x•-x)cos0•+(z•-z)sinG• , 9 2 
g j ( x ) [ — 2 ^ 2 i ] [ i + ( | | )
2 ] dx 
x. x
 J (Xĵ -x) +(zi-z) 
The distribution function, g.(x), can be expressed as 
g-j(x) = ^ j + r
x ) / ( x j + r x j ) x j - x - x j + i 
= (x-x__ 1)/(x.-x • 1 )
 x-_1±x<Lx. (23 
The total normal induced velocity at the i-th control 
point is 
N 
v. = Z Av.. . (24 
j = l 1D 
Combining Eqs. (17), (22), and (24), one has 
N 
I A.,y. = V^sine i = 1,2,...,N . (25) 
j = l J J 
This is a system of N linear algebraic equations for N 
unknown y-'s. In matrix notation, Eq. (25) can be 
rewritten as 
' A W ^ N x l = {b}Nxl • (26 
For the sake of uniqueness of the potential flow solution, 
the y-'s must also satisfy the auxiliary condition that 
24 
where 
f . = 
3 
N 
I Y-f• = r (27) 
j = l ^ ̂  
x.,1 1 
D + 1 dz 2 2" 
g i ( x ) U + ( a l ) } dx 
2.3. Application to Two-dimensional Bodies 
2.3.1. Circular Cylinder 
The circular cylinder is one of the simplest 
geometries for which an exact, theoretical potential flow 
solution is known. The problem under consideration here is 
one of a right circular cylinder of unit radius placed with 
its axis normal to a steady, uniform stream of unit magni-
tude as shown in Figure 4. The results, when compared with 
the exact solution, serve as a check on the accuracy of the 
present method. 
The surface of the cylinder is divided into N small 
elements, not necessarily equal. Each of the surface ele-
ments is an arc of a circle of unit radius which is mathe-
matically expressed as 
(x-1)2 + z2 = 1 . (28) 
The surface elements need be chosen for only one quadrant 




Figure 4. Circular Cylinder of Unit Radius in Steady, 
Uniform Stream 
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The end points of each element are the EVD stations where 
the Y.'S are to be determined. The ordinate for the j-th 
D 
station at x• is to be obtained from Eq. (28). On each 
element, a control point is selected at which the zero 
normal flow boundary condition is to be satisfied. The 
abscissa of the i-th control point is chosen to be the mid-
point of the projection of the surface element containing 
the control point on the X-axis, that is 
x± = (xj+xj+1)/2/ (29) 
and the corresponding z- is obtained from Eq. (28). This 
appears to be a reasonable choice and the results substan-
tiate it further. 
The accuracy of the computed velocity and pressure 
distributions depends on the number and the mode of dis-
tribution of the surface elements. A large number of 
elements results in a large order of the induced velocity 
influence coefficient matrix, [A]. However, the number of 
equations to be solved, and hence the order of the matrix 
is reduced to one-fourth its original value by making use 
of the symmetry of this problem. Also, the use of symmetry 
implicitly imposes the zero total circulation condition and 
thus ensures uniqueness of the solution. The proper distri-
bution of surface elements is largely a matter of experience 
but it is intuitively clear that it is desirable to place 
more EVD stations near the leading edge and the trailing 
edge where the velocity varies relatively rapidly. Better 
agreement with exact results is obtained in the leading 
edge and the trailing edge region when the distribution 
function, which is linear over successive elements, is re-
placed, only on the first element, by one proportional to 
the ordinate of the surface in that region. Specifically, 
for the circular cylinder, the distribution function for 
the first element is derived from Eq. (28) as 
gx(x) =J^-[32 - ^ - (̂ -)
2]/23 <Kx±Xj . (30) 
The induced velocity influence coefficient, A.., 
is computed numerically in order to be consistent with the 
airfoil problem where the use of an exact, analytical 
expression for the profile curve makes it almost impossible 
to obtain a closed form result for A-• from Eq. (22). The 
integral on the right hand side in Eq. (22) is evaluated by 
29 using Simpson's rule , with 20 equally spaced divisions, 
for each control point and EVD station except when the 
control point lies on the element spanned by the EVD station 
In the latter case, the integral is singular but the Cauchy 
29 
Principal Value exists. This is obtained by using a 
29 
combination of Simpson's rule and the Trapezoidal rule 
The latter is employed to obtain the contribution of the 
intervals of length e on either side of the control point 
(see Figure 5). The slope of the integrand in Eq. (22) with 
respect to the X-axis tends to infinity near the control 
point and Simpson's rule is not likely to give very reliable 
results. 
Having obtained the induced velocity influence 
coefficient matrix [A], the system of Eq. (26) in first 
reduced in size by the use of symmetry (see Appendix A). 
The resulting system is then solved for the unknown vorticity 
strengths, Y-'s, by applying Gauss-Jordan reduction using 
maximum pivot strategy . The vorticity strength at each 
EVD station directly gives the local velocity. Thus, a 
piecewise linear but continuous velocity (and vorticity) 
distribution over the entire body is obtained. The pressure 
coefficient is readily computed from Eq. (10). 
2.3.2. NACA Basic Thickness Form Airfoils 
The NACA basic thickness form airfoil can be analy-
31 tically expressed as 
_1 
I = ± ET{<Ji<!>2 + Vt> + ^s^2 + ^ t ' 3 + q 5 ' l
) 4 > - <31> 
The coefficients, q's, are constants determined by certain 
conditions on the airfoil geometry: 
x = 0.lc z = 0.39t, 
x = 0.3c z = 0.5t, g| = 0, (32) 





j + l 
Figure 5. Cauchy Principal Value for a Singular Control 
Point 
30 
Since the airfoil has finite thickness at the trailing 
edge, the resulting corners are undesirable for the poten-
tial flow. An airfoil, with a sharp trailing edge, is 
obtained by extending the upper and lower surfaces along 
the tangent at x=c (see Figure 6). This appears reason-
able because in real flow, viscous effects will smooth 
out any corner flow. 
The procedure for dividing the airfoil surface into 
elements is based on reasoning similar to that for the 
circular cylinder. The airfoil, however, offers symmetry 
only about its chord. Therefore, the unknowns, y. 's, 
Ja 
need to be obtained for either upper or lower surface EVD 
stations, i.e., for half the number of elements. The 
Kutta-Joukowski condition forces the vorticity strength 
at the sharp trailing edge to be zero. While computing 
the flow for zero angle of attack (see Figure 7), symmetry 
also demands that the peak value, y. , at the leading edge 
-*a 
(x=0) EVD station be zero. 
The steady state flow on the airfoil at an angle of 
attack, a , can be obtained by superimposing the non-
circulatory flow solution (zero angle of attack, nonlifting 
case) and a cross-flow solution which is entirely circula-
tory (see Figure 8). The change in direction of the on-
set flow enters Eq. (12) and gets reflected as a different 
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Figure 7. NACA Basic Thickness Form Airfoil in 





Figure 8. NACA Basic Thickness Form Airfoil in Cross-flow, 
a =90° o 
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remain unchanged for both the noncirculatory and the cross-
flow cases except the one at the leading edge which is dif-
ferent from zero in the latter. For cross-flow also, the 
Kutta condition forces the vorticity strength at the 
trailing edge to be zero and the use of symmetry reduces 
the number of unknowns, y. ' s, to be determined. Once the 
-'c 
solutions are obtained, the vorticity (velocity) strength 
at a j-th station for an angle of attack, a , is given by 
Y. =Y- cosa + y, sina . (33) 
Ja Ja Jc 
o 
The induced velocity influence coefficients have to 
be obtained numerically because of the complicated Eq. (31) 
for the airfoil profile curve to be used in Eq. (22). The 
numerical procedure is exactly the same as for the circular 
cylinder and described earlier. For the distribution 
function on the first element near the leading edge, the 
use of 
g-, (x) = 1.225 / — - 0.225 (—) , 0<x£x., (34) 
vjxj xj " 3 
is made (in accordance with the results for the circular 
cylinder) for the case of noncirculatory flow; for the 
cross-flow, it is taken to be linear. 
2.3.3. ResuTts 
The chordwise velocity distribution on the upper 
34 
surface (from the leading edge to the midchord) of a 
circular cylinder of unit radius placed with its axis 
normal to a steady, uniform, unit onset flow is presented 
in Table 1. For four sets of different numbers of surface 
elements and for different modes of chordwise distribution 
of these elements, the agreement with exact, theoretical 
results appears to be good and only marginal variations 
in local velocities are noticed. This is also reflected 
in rather insignificant changes in the total circulation 
around a path enclosing the vorticity on the upper 
surface from the leading edge to the midchord. The effect 
on the vorticity distribution of a change in the mode 
of distribution of the surface elements is found to be 
confined to rather localized regions. Based on the 
uniform free stream value of unity, the errors in the magni-
tudes of the local velocities are less than one percent 
when compared with the theoretical values. The chordwise 
variation of the nondimensional local velocity on the 
upper surface of the circular cylinder is plotted in 
Figure 9. 
Four thickness ratios, 6%, 12%, 18%, and 24%, were 
selected for NACA basic thickness form airfoils. For each 
case, the chordwise velocity distribution on the upper 
surface of the airfoil placed at zero angle of attack in 
a steady, uniform stream of unit magnitude is documented in 
35 
Table 1. Chordwise Surface Velocity Distribution on a 
Circular Cylinder of Unit Radius using Elementary 
Vortex Distribution Technique 
\ Vel 
x / c \ 
Exact 
Analytical N = 72 N = 88 N = 108 N = 128 
.0 .0 .0 .0 .0 .0 
.00025 . 0632 .0654 .0642 .0654 .0645 
.0005 .0894 .0915 .0901 .0914 .0904 
.001 .1264 .1296 .1266 .1295 .1275 
.005 .2821 .2860 .2837 .2858 .2838 
.01 .3980 .4056 .3973 .4054 .3983 
.025 .6245 .6322 .6248 .6318 .6312 
.05 .8718 .8814 .8810 .8765 .8766 
.1 1.2000 1.2072 1.2074 1.2017 1.2018 
.15 1.4283 1.4324 1.4325 1.4292 1.4293 
.2 1.6000 1.6029 1.6030 1.6006 1.6007 
.25 1.7320 1.7343 1.7344 1.7325 1.7326 
.3 1.8330 1.8349 1.8350 1.8334 1.8335 
.35 1.9079 1.9095 1.9096 1.9082 1.9083 
.4 1.9596 1.9611 1.9612 1.9599 1.9600 
.45 1.99 1.9914 1.9915 1.9903 1.9903 
.5 2.0 2.0014 2.0015 2.0003 2.0004 
Circu-







2 . 0 -
1 . 6 
- / 




0 . 2 . 4 . 6 1.0 
x/c 
Figure 9. Velocity/Vorticity Distribution on the Upper 
Surface of a Unit Circular Cylinder Placed in 
Unit Free Stream 
37 
Tables 2 and 3. The velocity distributions as reported by 
32 
Abbott, von Doenhoff, and Stivers and computed from 
5 
Theodorsen's procedure, are also given for the purpose of 
comparison. The corresponding plots are given in Figures 
10-13. The chordwise velocity distribution on the upper 
surface of the 12% thick airfoil in cross-flow (a =90°), 
o 
and the values of the local surface velocity and the 
pressure coefficient at a =6° are presented in Table 4. 
The C distributions at zero anqle of attack and at 6° 
P 
angle of attack for 12% thick airfoil are plotted in 
Figure 14 and Figure 15 respectively. The section lift 
coefficient and its variation with angle of attack is 
shown in Figure 16, for 6%, 12%, and 18% thick airfoils.' 
The values of C« from linearized thin airfoil theory 
(= 2TT sina ) are also plotted in the same figure. The 
corresponding numerical values are given in Table 5. The 
effect of the thickness of an airfoil on the sectional 
lift coefficient is quite clear from these results. It is 
further substantiated by the potential flow theory for 
Joukowski profiles where 
C0 - 2TT(1 + 0.77 ^)sin a . (35) 
£ c o 
The computational time required to complete a 
typical case of a two-dimensional airfoil in noncirculatory 
or circulatory flow is approximately one minute on the 
Table 2. The Chordwise Velocity Distribution on the Upper 
Surface of NACA 0006 and 0012 Airfoils 
\ v/v 
\. ' oo 
t/c = 0.06 t/c = 0 12 
X/C N. 
ReT. 3 2~ ~EVET~ 
N = 60 
Ref. 32 EVD 
N = 60 
.0 .0 .0 .0 .0 
.005 .938 .9718 .8 .8084 
.025 1.089 1.0842 1.114 1.1106 
.05 1.103 1.0959 1.174 1.1653 
.075 1.107 1.0978 1.184 1.1807* 
.1 1.101 1.0975 1.188 1.1866 
.12 1.0964 1.1873 
.15 1.098 1.0941 1.188 1.1856 
.2 1.091 1.0892 1.183 1.1781 
.25 1.086 1.0833* 1.174 1.1669* 
.3 1.078 1.0775 1.162 1.1558 
.4 1.066 1.0649* 1.135 1.13* 
.5 1.053 1.0523 1.108 1.1041 
.6 1.042 1.0395* 1.08 1.078* 
.7 1.028 1.0267 1.053 1.052 
.8 1.013 1.0117 1.022 1.0218 
.9 .99 .9901 .978 .9791 
.95 .974 .9705 .952 .9417 
1.0 .0 .9026 .0 .8232 
1.008547 .0 .0 
* Linearly interpolated. 
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Table 3. The Chordwise Velocity Distribution on the 
Upper Surface of NACA 0018 and 0024 Airfoils 
N, V/V 




t/c = 0.24 
Ref. 32 EVD 
x/c \^ N = 60 N = 60 
.0 .0 .0 .0 .0 
.005 .682 .6739 .579 .5813 
.025 1.103 1.095 1.063 1.0577 
.05 1.228 1.2085 1.244 1.2295 
.075 1.264 1.2475* 1.322 1.2984* 
.1 1.276 1.266 1.354 1.3348 
.12 1.2717 1.3488 
.15 1.278 1.2737 1.374 1.358 
.2 1.275 1.2665 1.368 1.354 
.25 1.262 1.2506* 1.35 1.3341* 
.3 1.247 1.2347 1.333 1.3141 
.4 1.205 1.1949* 1.277 1.2597* 
.5 1.154 1.1552 1.204 1.2052 
.6 1.116 1.1152* 1.151 1.1508* 
.7 1.074 1.0753 1.097 1.0964 
.8 1.025 1.0298 1.032 1.0355 
.9 .966 .9666 .944 .9524 
.95 .914 .9127 .879 .8833 
1.0 .0 .7548 . 0 .6938 
1.008547 .0 .0 











Figure 10. Chordwise Surface Velocity/Vorticity Distribution 













Figure 11. Chordwise Surface Velocity/Vorticity Distribution 













Figure 12. Chordwise Surface Velocity/Vorticity Distribution 











Figure 13. Chordwise Surface Velocity/Vorticity Distribution 
on NACA 0024 Airfoil at aQ=0 
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Table 4. The Cross-flow Velocity Distribution on the Upper 
Surface, and the Chordwise Velocity and Cp 






6° a =6 o 
o 
Upper Surface Lower Surface 




.0 13.506 1.412 -0.993 1.412 -0.993 
.0015 12.505 1.737 -2.016 0.807 +0.348 
.003 11.623 1.893 -2.582 0.527 +0.711 
. 005 10.670 1.919 -2.684 0.311 +0.903 
.01 8.992 1.9 -2.611 0.020 +0.9996 
.025 6.483 1.783 -2.176 0.427 +0.818 
.05 4.785 1.659 -1.752 0.659 +0.566 
.1 3.367 1.532 -1.347 0.828 +0.314 
.12 3.043 1.499 -1.247 0.863 +0.256 
.15 2.662 1.457 -1.124 0.901 +0.189 
.2 2.211 1.403 -0.968 0.940 +0.115 
.3 1.642 1. 321 -0.745 0.978 +0.044 
.5 1.027 1.205 -0.453 0.9907 +0.018 
.7 0.647 1.114 -0.241 0.978 +0.042 
.8 0.484 1.067 -0.138 0.966 +0.067 
.9 0.312 1.006 -0.013 0.941 +0.114 
.95 0.212 0.959 +0.081 0.914 +0.164 
.98 0.136 0.907 +0.177 0.879 +0.228 
1.0 0.067 0.826 +0.318 0.812 +0.341 


















Figure 14. Chordwise Pressure Coefficient Distribution on 










Figure 15. Chordwise Pressure Coefficient Distribution on 














Figure 16. Variation of the Sectional Lift Coefficient, C 
with Angle of Attack, a 
Table 5. Section Lift Coefficient Variation with Angle of 
Attack for NACA Basic Thickness Form Airfoils 
\ t / c 




LI 0.06 0.12 0.18 
.0 .0 .0 .0 .0 
2.0 .21928 .22998 .24103 .25219 
4.0 .4383 .45969 .48177 .50406 
6.0 .65677 .68884 .72192 .75533 
8.0 .87445 .91714 .96119 1 .00567 
10.0 1.09106 1.14433 1.19929 1 .25479 
CDC Cyber 70/74 NOS 1.1 - 419/420 when the total number of 
elements is 60. Most of this is used in solving the 
system of algebraic equations. Depending on the number 
of elements, the computer time required varies from a 
few seconds to a few minutes. 
CHAPTER III 
THREE-DIMENSIONAL FLOWS 
3.1. Development of an Iterative Procedure 
The problem of computation of the three-dimensional 
flow on the tip region of a thick wing can also be ap-
proached from the integral equation standpoint in a manner 
conceptually identical to that for the two-dimensional 
formulation. However, a sufficiently detailed and accu-
rate determination of the flow field would require an 
enormously large number of surface elements resulting in a 
very large induced velocity influence coefficient matrix. 
Moreover, the use of vorticity as the surface singularity 
distribution yields a Fredholm integral eauation of the 
first kind which is very likely to pose problems in the 
numerical solution when approximated by a large set of 
linear algebraic equations. In this chapter, an alternate 
approach based on a simple iterative procedure is pre^ 
sented for computing detailed three-dimensional flow on the 
wing tips. The procedure starts from a two-dimensional or 
other suitable vorticity distribution on the entire surface. 
The successive iterations readjust the initial vorticity 
strength distribution to yield an appropriate surface 
vorticity distribution for a given body. In the following 
sections, a semi-infinite body is considered to illustrate 
the formulation of the iterative procedure. This facili-
tates the development of the method because the flow is 
essentially two-dimensional on the entire region inboard 
of a limited zone of three-dimensional flow near the tip. 
Therefore, the iterative scheme must converge to the 
three-dimensional flow on the tip region which merges 
smoothly with the two-dimensional flow further inboard. It 
should also be noted that the surface velocity distribution 
approaches the nearly two-dimensional distribution within 
a small distance inboard from the tip for a large class of 
wing planforms and flows governed by the Laplace's equation. 
The present method is successfully applied to compute the 
surface velocity and pressure distributions on two semi-
infinite bodies namely a circular cylinder with a hemi-
spherical tip and a symmetrical wing whose cross-section is 
NACA basic thickness form airfoil with a half body of 
revolution forming its tip. These cases are presented in 
the next chapter. 
3 • 2 • Gf:neral Outline of the Iterative Procedure 
for a Semi-infinite Body 
It is first assumed that on the surface of a semi-
infinite body the local vorticity strength at any chordwise 
location on the entire body is the same as the corresponding 
two-dimensional value. Obviously, this does not conform to 
the actual three-dimensional vorticity distribution in the 
neighborhood of the tip. The next step is to divide the 
surface into a finite number of small elements each 
containing a control point. For each of the control points, 
the local tangential velocity resulting from the initial 
surface vorticity distribution is calculated using the 
Biot-Savart law. It is to be noted that the local tangen-
tial vorticity strength is equivalent to this value of the 
local surface velocity and the local velocity vector is 
perpendicular to the local vorticity vector. The vorticity 
at any point on the surface is completely specified in 
magnitude and direction by a pair of orthogonal vectors 
which are designated ct-type and B-type. The two-dimensional 
vorticity distribution is entirely a-type. The B-type 
component is needed near the tip to account for the three-
dimensionality. The surface vorticity strength, 
1 
6 = (a2+B2)2, (36) 
computed for each control point will not, in general, agree 
with the initial value in magnitude and/or direction. How-
ever, the calculated values provide a closer approximation 
to the final result than the original distribution. The 
existing surface vorticity distribution is, therefore, re-
placed by this new set of computed values. This completes 
what is termed the zeroth iteration. For the first 
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iteration, the a-type and the B-type components are computed 
at each of the control points for the new surface vorticity 
distribution. The results so obtained are compared with 
the previous set of values obtained from the zeroth itera-
tion. They may still not agree well at a number of control 
points. The first iteration values then replace the surface 
vorticity distribution. In principle, the procedure can be 
carried out until the differences of the a-type and the 3-
type values for two successive iterations are not signifi-
cant. The results show that good convergence is obtained by 
the third or fourth iteration. Some modifications to make 
this basic procedure more efficient are described later in 
Section 4.2. 
3.3. Mathematical Formulation 
The details of the mathematical formulation of the 
iterative method for a semi-infinite body are described 
in this section. The semi-infinite body considered here is 
a cylindrical body whose cross-section is a circle of unit 
radius. A hemispherical cap is joined to one end of the 
cylinder. The origin of the Cartesian coordinate system is 
situated at the intersection of the leading edge and the 
circle which joins the hemisphere and the cylinder. The 
axis of the body is parallel to the Y-axis and the X-axis 
intersects the body-axis at the center of the hemisphere as 
50 
shown in Figure 17. The procedure to divide the body 
surface into small elements needs to be described first. 
On the circular cylinder (y<.0) , any plane parallel to the 
Y-Z plane intersects the surface along a semi-infinite 
straight line which defines a k-station. A plane parallel 
to the X-Z plane intersects the cylinder along a circle of 
unit radius which defines an ^-station. The k-stations, 
the ^-stations, and the body surface form the surface 
elements on the cylinder. 
On the hemispherical tip, the origin of the coordi-
nate system is treated as a north or south pole on a globe 
and mutually orthogonal "longitudes" and "latitudes" are 
drawn as follows. A plane parallel to the Y-Z plane inter-
sects the hemisphere along a semi-circle which corresponds 
to a "latitude" and defines a k-station. A radial plane 
inclined at an angle ty to the X-Z plane intersects the 
hemisphere along a semi-circle of unit radius which corres-
ponds to a "longitude" and defines a m-station. The k-
stations, the m-stations, and the surface form the surface 
elements on the hemisphere which is mathematically expressed 
as 
(x-1)2 + y2 + z2 = 1 (37) 
The surface elements on the cylinder and on the tip are 
curved surfaces of different shapes and sizes. The 
V 
k=l £=1 
1,0,0) m-1 m m+1 
Figure 17. Semi-infinite Circular Cylindrical Body with a Hemispherical Ti P 
Ln 
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procedure offers enough flexibility for varying the number 
and the sizes of the surface elements. 
As mentioned earlier, a control point is to be 
selected on each element. For lack of any previous ex-
perience for three-dimensional flows, the obvious choice is 
the geometric midpoint of each element. It is also to be 
noted that for this specific case, the control points need 
be selected in one quadrant only owing to symmetry about 
any diametric plane. 
3.3.1. Zeroth Iteration 
The body is first "wrapped" with a vorticity sheet 
whose chordwise strength distribution is the same as the 
two-dimensional chordwise distribution for a circular 
cylinder of unit radius as computed in Chapter II. There-
fore, the chordwise vorticity distribution is identical at 
every £- and m-station. The vorticity distribution on the 
cylinder (y£0) is constituted of semi-infinite filaments 
and the tip vorticity is composed of semi-circular fila-
ments for each value of x. The induced velocity due to 
this system of vorticity can be computed at the i-th 
control point (x-,y.,z-) on the surface by the use of the 
Biot-Savart law. The direction cosines, (c,,c ,c~) of a 
surface tangent vector, have definite constant values de-
pending on the location of the control point and the 
direction of the tangential component of vorticity, a- or 
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3-type, to be computed. The total induced velocity is the 
sum of the contributions of the upper surface (z>0) and 
lower surface (z<0) of the cylinder and the contribution of 
the hemispherical tip. The induced velocity due to the 
former can be expressed as 
K 
VTT T = + £ AV., 
U' L - k=l l k 
(38) 
where 





yi (zi+z)c1~ (x^-x)c3 
{ (xi-x)
Z+(zi+z) }




f , ,dz. 2,1/2 .. (1 + (^) } dx, 
Y(x) = y(xk) + [(Y(xk+1)-Y(xk)}/(xk+1-xk)](x-xfc 
Wherever two signs appear for a term, the upper sign 
corresponds to the upper surface and the lower one to the 
lower surface. The relation between z and x is given by 
z = (x(2-x)} 1/2 39) 
The contribution of the tip may be written as 




r r / s( (z.~z)cose+(v.-y)sine}c-1-(x--x) (c^sine+c^cose) 
Av - xl̂ )f ^ ~ _ - _iJLi___JL
 1 — i _ !___] 
A V . , - I t ^ — o 9 ^ / 9 J 
i k L, L 4TT T,„ _„^Af„ _„^fn _^2X3/2 
kk 
JJE, J0 *" {(xi-x)"+(yi-y) + (z f z ) ' } 
A (x) (1+m2)1 / 2dedx, 
with 
A(x) = /x(2-x) , 
m = -=— , 
dx 
y = A(x) s i n e , 
and 
z = A (x ) c o s e . 
(For the definition of e, see Figure 18). 
The total induced velocity, 
VI = VU + VL + VT ' ( 4 1 ) 
at the i-th control point is added to the tangential 
component of the free stream velocity as appropriate for 
the computation of the a-type or the 3-type vorticity. 
This sum gives the mean tangential velocity of the surface 
vorticity sheet and is therefore one-half of the local 
->• Y 




vorticity strength at the i-th control point. 
It is expected and borne out by the results of the 
zeroth iteration that the a-type vorticity distribution 
at the ^-stations approaches the corresponding two-
dimensional distribution at a few chords inboard from the 
tip. At the same time, the value of the 3-type vorticity 
approaches zero. There is then, a cut-off station 1=1, 
inboard of which, the flow can be assumed to be essentially 
two-dimensional. In the neighborhood of the tip, it is 
further assumed, for the sake of simplicity, that the 
values of the a- and the 6~type vorticity vary linearly be-
tween any two adjacent control points. This is consistent 
with the assumption of a piecewise linear vorticity distribu-
tion in the x-direction for the two-dimensional case. There 
is, therefore, a new surface vorticity distribution which is 
entirely a-type inboard of the cut-off station, 1=1, and is 
composed of both a- and B-type on and near the tip. 
3.3.2. First Iteration 
The results of the zeroth iteration provide the in-
put surface vorticity distribution for the first iteration. 
The induced velocity due to this new system at any control 
point can once again be obtained by using the Biot-Savart 
law. It is convenient to consider the contributions of the 
a-type and the B-type distributions separately. 
Contribution of the a-type Vorticity Distribution. 
The total contribution of the a-type vorticity to the 
tangential components of induced velocity at the i-th 
control point is the sum of the individual contributions from 
the upper and lower surfaces of the cylinder (y£0) and from 
the hemispherical tip. For the upper and the lower surface 
K 
VU ,L = ± 
a a 
E AV + £ E 
k=l k=l £=1 
AV kl' 
(42) 
where AV, is the contribution of the entire strip, 
xk£x£x, , extending to infinity inboard of the cut-off 
station, 1 = 1, and AV, „ is the contribution of the surface 
element lying between the stations I and £+1 and the 
stations k and k+1 (see hatched area in Figure 17). Using 







^ l ^ i ) (z.+z)c,-(x^-x)c_ 
{ (xrx). + (Yi-Yj) + (z^z) }
± / Z (z±+z)
 Z+ (xrx) 
• ^ i + ( i> 2 ^' 43) 
with 
Y(x) = Y(xk) + 
Y(x k + 1)- Y(x k) 
(x-x,J 
xk+l xk 
The expression for the term AV,„ is a double integral 
which can be reduced to a one-dimensional integral by making 
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use of the fact that the vortex filaments are straight line 
segments with linear vorticity variation along the y-
direction. Then 
x, -, 1_ 






1 q 1 C D *' 
» B i + B 2 x f
a " y i y n + i a - y i y ^ 
I 2 = -4 _ { _ } , 
2 2 — 2 
a = (x i ~x) + y i + ( z i + z ) , 
q = 4{ ( x i - x )
2 + ( z i + z )
2 } 
C = { a - 2 ^ + l
+ ^ + l
} 1 / 2 
D = { a - 2 Y i y £ + y £
2 } 1 / 2 
A-, = 
^ 2 ^ + 1 ^ 4 ^ 
1 y<i+i-y<i 
A - T l y ^ l ~ Y 3 y £ 
2 y £ + r
y £ 
( 4 4 ) 
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B ^ 1 yury* 
Y 3 ~ Y 1 B 
2 ^ + 1 - ^ 
Y k + l , H Y k , £ 
Y l x k+r x k 
Yk,txk+1 Yk+l,£xk 
Y 2 xk+l"xk 
Yk+1,£+1 Yk,J,+l 




In Eqs. (42)-(44), the upper sign corresponds to the upper 
surface and the lower one to the lower surface. The rela-
tionship between x and z is given by Eq. (39)-
The contribution of the surface vorticity distribu-
tion on the hemispherical tip to the tangential induced 
velocity at the i-th control point can be written as 
K M 
VT = * \ AVkm <45> 
a k=l m=l 
where 
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AV. = kin 
*k + 1 V l 
(Y1*x+Y2) {(z.-z)oos£+(y.-y)sine}c-.-(x^-x) (c^sine+c^cose) 
4TT X ( X ) [ " ~ ^ 7 2 ~ 7 2 " , 2 , 3 / 2 
x k ^ ( ( x ^ x ) + ( y i - y ) + (z ± - z ) } 
w i t h 
(1-Hn2)1 / 2 dxde , 
A(x) = ( x ( 2 - x ) } 
1/2 
y = A(x) s i n e , 




Y l = Y l l S i n C + Y 1 2 ' 
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Xk = A(xk), 
Xk+1 = A ( xk +1
]' 
y, = A, s i n il> , 
• ' k f i n k r m 
y, , n = A. sin i) , Jk+l,m k+1 rm 
^ m + l = Ak sin Vl' 
y, , n , , = A. , _ sin \b Jk+l,m+l k+1 rm+l 
Therefore, the total tangential induced velocity at 
the i-th control point due to the entire a-tyne vorticity is 
6 2 
VI = VU + VL + VT 
a a a a 
(46) 
Having obtained the contribution of the a-type, the next 
step is to compute the contribution of the (3-type vorticity 
distribution. 
Contribution of the 3~type Vorticity Distribution. 
It was mentioned earlier that the 3-type vorticity is con-
fined to the hemispherical tip and a small neighborhood of 
the tip on the cylindrical portion, namely, the region 
between the cut-off station, 1=1, and the station at y=0. 
The total contribution is composed of the individual con-
tributions from the upper and the lower surfaces of the 
cylinder (y£0) and from the hemispherical tip. 
Using the Biot-Savart law, the tangential induced 
velocity at the i-th control point due to the vorticity 
distribution on the cylinder (y<0) can be written as 
K L 
V E Z Av , 
u s ' L s k=i 1=1 k £ 
(47) 
where 
> i y 
AVk)f 
• £+1 (y±x+y2) c2(t3 (x^-xJ+t-L (ZH-Z) }- (yi~y) { t - ^ + t ^ } 
xk YZ 
{(x±-x) +(yi-y) +(zi+z) }
 / 
dz 2 V2 
{1+® } d x d i r ' 
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with 
z = {x(2-x) } 1/2 
t, = -sin 6, 
t^ = -cos 0, 
tan 6 = (~) dz dx; ' 
Yl = Y u-y + Y12, 





1 2 x k + i "
x k ' 
= Y3Xk+l"Y5xk 
2 1 Xktl"Xk 
Y 4 X k + l Y 6 X k 
2 2 x k+r x k 
Y 
Y k , £ + 1 Y k , £ 
3 y £ + r
y ^ 
Y 4 = 
Yk,£y£+1 Yk,£+ly£ 
y£+l~y£ 
Y5 < Y k + l , £ + l Y k + l , i l ) / Y £ + l Yl> ' 
Y6 =
 ( Y k + i , ^ ) i + i -
Y k + i , x + i
y ( i ) / ( y £ + r
Y ^ • 
The induced velocity at the i-th control point due to 
the (3-type surface vorticity distribution on the hemispherical 
tip can be written as 
K M 
V T = E £ AV , 
x3 k=l m=l 
(48) 
where 




 (xi"x^ ^ ^ " ^ ^ ^ i " ^ (c3t1"
c
1
t3) + (zi"z) (c1t2-c2t1) 
4TT 




 2} V 2 
with 
X(x){l-Kri }dxd£ , 
t-̂  = -sin 0, 
t 2 = -cos 0 sin e, 
to = -cos 0 cos e, 
tan 
,cU, 
dx = ™, 
and the other variables are defined in the Eq. (45). Of 
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course, the values of y's to be used in numerical evaluation 
of Eqs. (47) and (48) are the ones for the 3-type vorticity 
distribution. The total tangential induced velocity at the 
i-th control point due to 3~tvpe surface vorticity 
distribution is, then, given by 
V = V + V + V . (49) 
3 3 3 3 
The net tangential induced velocity, 
Vx = VI + V , (50) 
a 6 
at the i-th control point is added to the corresponding 
tangential component of the free stream velocity to obtain 
the a-type and the 3-type vorticity at the control points 
as described earlier. This defines a new system of surface 
vorticity distribution to be used for the next iteration. 
The procedure for all successive iterations is 
identical to the one for the first iteration except that the 
surface vorticity strength varies at each station for suc-
cessive iterations. 
In this chapter, the development of a basic iterative 
scheme has been outlined. The mathematical formulation for a 
semi-infinite body was exemplified by the specific case of a 
semi-infinite circular cylinder with a hemispherical tip. 
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The application of the procedure to semi-infinite bodies is 
presented in the next chapter. 
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CHAPTER IV 
APPLICATION OF THE ITERATIVE PROCEDURE TO 
SEMI-INFINITE BODIES 
The basic iterative procedure described in the last 
chapter is now applied to compute the velocity and pressure 
distribution on the tip region of two semi-infinite, non-
lifting bodies. The successful results for these cases 
lead to an extension of the method to a finite, nonlifting 
wing which will be considered in the following chapter. 
4.1. Circular Cylinder with a Hemispherical Tip 
4.1.1. Numerical Procedure 
First, the case of a semi-infinite cylindrical body 
whose cross-section is a circle of unit radius is considered 
A hemispherical cap is joined to one end of this semi-
infinite body. The axis of the body is parallel to the Y-
axis (see Figure 17) and it is placed normal to a steady, 
uniform stream of unit magnitude which is parallel to the X-
axis. The mathematical formulation of the iterative method, 
described in Section 3.3, is precisely for this body. The 
details of the numerical techniques used in each of the 
iterations which finally converges to give the three-
dimensional flow on the tip region are now discussed. 
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Zeroth Iteration. Before starting the zeroth itera-
tion, 31 k-stations are selected on the upper surface with 
the leading edge and the trailing edge representing the two 
extreme stations. There are 30 semi-infinite strips on the 
cylindrical portion and 30 semi-circular segments on the 
tip. The initial chordwise vorticity strength distribution 
at every spanwise location is the same as the two-dimension-
al distribution on the circular cylinder and, the one for 72 
elements (see Table 1) is chosen as the input. Owing to the 
symmetry of this problem, the control points need be selec-
ted in one quadrant only and the induced velocity needs to 
be computed at these points only. For the rest of the body 
surface, the values can be directly assigned. 
To compute the a- and 3~type components of the sur-
face vorticity at any control point on the cylinder (y<_0) , 
Eq. (38) is used to obtain the desired components of the in-
duced velocity due to the vorticitv distribution on the up-
per and the lower surface of the cylinder (y<_0) . In, general, 
the integral is evaluated using Simpson's rule with 20 equal 
intervals. However, when the control point lies on a strip 
whose contribution is being evaluated the integrand exhibits 
0/0 form. The integral can still be evaluated numerically by 
a combination of Simpson's rule and the Trapezoidal rule. 
The latter is used very close to the control point where the 
slope of the integrand with respect to X-axis becomes large and 
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Simpson's rule is not likely to give reliable results. The 
contribution of the small interval on each side of the con-
trol point steadily reduces as this point is approached from 
both directions. Eq. (39) is used to obtain the components 
of the induced velocity due to the vorticity distribution 
on the hemispherical tip. The x interval is divided into 
20 parts and the e interval is divided into 60 parts, 
Simpson's rule is then used twice for Eq. (40). 
For control points on the hemispherical tip, Eq. 
(38) is evaluated using Simpson's rule with 20 equal divi-
sions, and Eq. (39) is evaluated by using Simpson's rule 
twice, with 20 divisions in the x-direction and 60 divi-
sions for e. However, when the control point lies on a seg-
ment such that x=x-, the integrand exhibits the indeterminate 
form. It is handled in exactly the same way as described above, 
The results indicate that the cut-off station, 1=1, 
on the cylindrical surface can be taken to be at five chord 
lengths inboard from the y=0 plane. The intervening distance 
is divided into 10 parts. There are then 11 ^-stations on 
the cylinder including the station at y=0 and the cut-off 
station, £=1. On the hemispherical tip, 13 m-stations at 
15° intervals are selected. On each element, the geometric 
midpoint is the control point at which the components of the 
induced velocity are calculated. These values are added to 
the appropriate components of the free stream velocity to 
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obtain the a- and 3_type surface vorticity strengths at each 
of the control points on the surface. The a- and 3-type 
vorticity is assumed to vary linearly between the control 
points. This concludes the zeroth iteration and furnishes 
input for the first iteration. 
First Iteration. The control points on the surface 
for the zeroth iteration are taken to be the corners of the 
surface elements to be used for first iteration. According-
ly, the new locations of the control points are the geometric 
midpoints of the new surface elements. (It should be men-
tioned at this stage that a different procedure is followed 
for the semi-infinite wing where the surface elements and 
the control points are selected once and for all. This will 
be described in Section 4.2.) It should also be noted that 
the local vorticity strength at any point on the surface can 
be obtained by linear interpolation using the values at the 
corners of the surface elements. 
The input vorticity distribution on the surface 
exhibits three-dimensionality (a- and 3-type) on the tip re-
gion and is the same as the two-dimensional distribution fa-
type only) inboard from the cut-off station, £ = 1. Using this 
input vorticity distribution, the a- and 3-type vorticity 
at each of the control points is computed. The appropriate 
components of the induced velocity are obtained from Eqs. 
(41)-(50). All the one-dimensional integrals are evaluated 
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using Simpson's rule with 20 equally spaced divisions and the 
double integrals are computed by using Simpson's rule twice 
with 20 divisions for each dimension. However, when the 
control point lies on an element whose contribution is being 
evaluated at that control point, the integrand exhibits an 
indeterminate form. The procedure for numerical evaluation 
is identical to the one described earlier for zeroth itera-
tion. A combination of Simpson's rule and Trapezoidal rule 
is used for this case. 
The numerical procedure remains unchanged for all suc-
cessive iterations because the same mathematical formulae are 
to be used. Of course, the values of the surface vorticity 
distribution change from one iteration to the other. Also, 
the control points for the first iteration form the corners 
of the surface elements for the second iteration and so on; 
i.e., the control points for a certain iteration define the 
new surface elements for the next iteration. The locations 
of the control points which are situated at the midpoint of 
the elements change accordingly for each iteration. This 
procedure is used only for the case of the circular cylinder 
with hemispherical tip. It is more convenient to fix the 
locations of the surface elements once and for all and it 
will be followed for the cases considered later. 
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4.1.2. Results and Discussion 
The iterative procedure applied to the semi-infinite 
circular cylinder with a hemispherical tip gives a three-
dimensional vorticity distribution on the tip region which 
merges smoothly with the two-dimensional distribution at five 
chord lengths inboard from the station at y=0 (see Figure 17). 
The chordwise distribution of the a- and the B-type vorticity 
on the upper surface of the body is presented in tabulated 
form in Appendix B for two m-stations (at IJ = 90° , 30°) , and 
three £-stations (at y/c = 0, -0.2, -0.5). The results of 
the three complete iterations after the zeroth show that the 
values of the surface vorticity strength change by increas-
ingly lesser amounts with each iteration. The maximum 
change is noticed between the values of the zeroth iteration 
and the initial two-dimensional distribution. The results 
of the first iteration differ from those of the third itera-
tion by an amount which is less than five percent based on 
free stream value of unity. The difference in the results of 
the second and third iteration is less than two percent. A 
fourth iteration is carried out only for the a-type 
vorticity and the results differ from the values of the 
third iteration by an amount which is of the order of one 
percent or less. Another interesting feature of the results 
is a damped oscillatory pattern of convergence (see Figure 
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Figure 19. Typical Oscillatory Pattern of Convergence for 
a-type Vorticity on Semi-infinite Circular 
Cylinder with Hemispherical Tip; y/c = 0.0 
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The results of the third iteration are considered to 
be the converged solution. A verification of the conclusion 
is provided by the values of the normal component of the 
total velocity computed for a set of representative control 
points. Ideally, the normal component of velocity should 
be zero on the surface. In the present case, the values of 
these components are found to be less than one percent of 
the free stream value of unity. Moreover, the values of the 
velocity components normal to the surface steadily reduce 
with each successive iteration. It should also be noted that 
the distribution of surface elements is not necessarily the 
best possible, and that the vorticity strength is assumed 
to vary linearly on each element. 
The circulation around a path which encloses the 
vorticity sheet crossing the m-station at I/J=0° (see Figure 
20(a)) is 1.731. The vorticity sheet strength distribution is 
the one obtained after third iteration. The value of the 
circulation around a path enclosing the vorticity sheet which 
crosses the. m--station at ^=90° (see Figure 20(b)) is 1.7324. 
The agreement between the two values is good. This and 
other similar checks show that the conservation of vorticity 
is maintained during the execution of the iterative scheme. 
An added measure of confidence in the results is 
provided by the following observation. The case under 
consideration is one of an axisymmetric body in a cross-flow. 
7 5 
1.0 X 
F i g u r e 2 0 ( a ) . m - s t a t i o n a t \j;=0.0 
1.0 
>- Y 
F i g u r e 2 0 ( b ) . m - s t a t i o n a t ^=9 0' 
76 
Lotz pointed out that the dependence of all quantities on a 
circumferential location is known in advance for an axisym-
metric body immersed in a uniform flow which is directed 
normal to the body's axis of symmetry. In such a situation, 
the axial and the radial velocity components vary as cos 0r 
the quantity itself being characterized by its value at 9=0 
(at a point in the X-Y plane). The circumferential velocity 
component varies as sin 0; the quantity is characterized 
by its value for 0 = TT/2 . In Tables 6 and 7, the variations 
of the circumferential velocity component and the axial 
velocity component as required by the above observation 
are compared with the corresponding values at the selected 
points as computed by the iterative scheme after three 
iterations. A good agreement is noted for almost all the 
points. 
In Table 8, the values of the pressure coefficient, 
C , are tabulated for five stations on the surface of the 
circular cylindrical body having a hemispherical tip. The 
C values from exact analytical theory for the two-
dimensional cylinder and for the sphere are also given for 
the purpose of comparison. The chordwise C distribution on 
the upper surface of a two-dimensional cylinder, at five 
stations on the cylindrical body, and on the sphere, 
between the leading edge and the midchord are plotted in 
Figure 21. The curves clearly show the so called three-
Table 6. Variation of the Circumferential Velocity Component on the Axi-symmetric 
Semi-infinite Circular Cylindrical Body in Cross-flow (see Figure 17) 
V = V I -sin 6; V Obtained from Appendix B 
1 0=TT/2 
x/c sin y/c = -0.5 y/c = -0.2 y/c =0.0 
V V V V V V 
a a a 
.025 .3122 .5894 .5896 .5681 .5685 .5431 .5426 
.1 .6 1.1327 1.1328 1.0919 1.0922 1.0437 1.0418 
.2 .8 1.5103 1.5104 1.4558 1.4558 1.3916 1.3888 
.3 .9165 1.7303 1.7304 1.6678 1.6676 1.5942 1.5944 
.4 .9798 1.8498 1.8498 1.7830 1.7826 1.7044 1.7052 
.5 1.0 1.8879 1.8879 1.8198 1.8198 1.7395 1.7395 
Table 7. Variation of the Axial Velocity Component on the Surface of the 
Axisymmetric Circular Cylindrical Body in Cross-flow (see Figure 17) 
V = V, cos 9; VQ Obtained from Appendix B 
9 = 0.0 











.025 .95 .07733 .0774 .1581 .1582 .3190 .3198 
•1 .8 .06512 .06524 .1331 .1334 .2686 .2698 
.2 .6 .04884 .0489 .09984 .1001 .2015 .2026 
.3 .4 .03256 .0326 .06656 .0668 .1343 .1354 
.4 .2 .01628 .01632 .03328 .0334 .0672 .0676 
.5 .0 .0 .0 .0 .0 .0 .0 
-J 
03 
Table 8. Chordwise Cp Distribution on the Surface of the Circular Cylinder with a 
Hemispherical Tip 
x/c ^ ~ ° - U ^ l t y/c = -0.5 y/c=-0.2 v/c = 0. 0 IJJ=30° IJJ=90° 0
U^ l t 
Cylinder J J/ -7 r r Sphere 
.0 1.0 .9937 .9737 .8931 .8931 .8931 1.0 
.025 .61 .6466 .6530 .6087 ' .5603 .5429 .7806 
.05 .24 .3175 .3492 .3396 .3073 .3111 .5725 
.1 -.44 -.2873 -.2098 -.1543 -.1313 -.0887 .19 
.15 -1.04 -.8213 -.7024 -.5905 -.5049 -.4304 -.1475 
.2 -1.56 -1.2836 -1.1289 -.9677 -.8227 -.7229 -.44 
.25 -2.0 -1.6755 -1.4904 -1.2873 -1.1052 -.9690 -.6875 
.3 -2.36 -1.9953 -1.7851 -1.5595 -1.3261 -1.1697 -.89 
.35 -2.64 -2.2442 -2.0147 -1.7647 -1.497 -1.325 -1.0475 
.4 -2.84 -2.422 -2.179 -1.912 -1.6191 -1.4361 -1.16 
.45 -2.96 -2.5292 -2.2771 -1.9995 -1.6917 -1.5027 -1.2275 







Figure 21. Chordwise Pressure Coefficient Distribution 
on the Semi-infinite Circular Cylindrical Body 
with a Hemispherical Tip 
dimensional relief effect on the surface of the circular 
cylindrical body as the hemispherical tip is approached 
from further inboard where the flow is essentially two-
dimensional . 
4.2. Symmetrical Wing with Half-body-of-revolution Tip 
4.2.1. Modified Iterative Procedure 
The problem of computing the potential flow on the tip 
region of a semi-infinite wing whose cross-section is an NACA 
basic thickness form airfoil is conceptually identical to the 
case of a circular cylindrical body. All the equations re-
quired to compute the surface velocities are the same as 
given in Section 3.3 except that the profile curve of the 
wing is expressed in mathematical form by Eq. (31). The 
upper surface of the semi-infinite wing is divided into 
elements by selecting 16 k-stations including the leading 
edge and the trailing edge and nine ^-stations including the 
station at y=0 and the cut-off station, £=1, which is found 
to be at y/c = -1.0 (see Figure 22). Inboard of the cut-
off station, the 15 elemental strips extend to infinity. 
The k-stations are relatively closely spaced near the leading 
edge and the trailing edge. This follows from the observa-
tion of the two-dimensional results which show a relatively 
rapid variation of vorticity strengths in these regions. 
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fact that the influence of the tip to render the flow three-
dimensional reduces rapidly as the distance from the tip in-
creases. The results show that the major changes in the 
surface vorticity strengths are confined to about 0.2 chord 
length inboard from the ^-station at y=0. The distribution 
of the surface elements is duplicated on the lower surface. 
On the half-body-of-revolution tip, 13 m-stations are 
selected at 15° intervals. Thus, there are a total of 420 
surface elements plus 30 strips extending to infinity on the 
entire body. The geometric midpoint, as before, is chosen 
to be the control point on each of the elements. It must be 
noted that the control points need to be designated either 
on the upper or on the lower surface only, owing to the 
symmetry of the problem about the X-Y plane. 
Initially, a vorticity sheet whose chordwise strength 
distribution corresponds to two-dimensional one is "wrapped" 
around the tip. Every ^-station inboard of the station at 
y=0 and every m-station on the tip is associated with a 
piecewise linear vorticity distribution in the X-direction. 
The zeroth iteration gives the a- and 3- components of 
vorticity at each of the control points. It is to be noted 
that the distribution of the surface elements and the locations 
of the control points are fixed once and for all in the case 
under consideration. Using linear interpolation, the new 
values of the a- and 3-type vorticity are obtained at the 
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corners of the surface elements. The vorticity strength is 
assumed to vary linearly on each of the elements. This de-
fines a new surface vorticity distribution to start the next 
iteration. The numerical procedures involved in computing 
the surface velocities are the same as described in Section 
4.1 since the equations are essentially the same. 
The basic iterative procedure is carried out to four 
complete iterations after the zeroth one (and even a fifth 
iteration for the a-type) for a semi-infinite, NACA 0012 
wing. The results do show a converging trend but at a 
rather slow rate. More interestingly, they exhibit an 
oscillatory pattern which is quite similar to that observed 
for the circular cylindrical body. The typical behavior of 
the a- and the 3-components can be seen in Figure 23. A 
careful study of the results shows that on the major portion 
of the surface (between the k-stations at 5% and 80% of the 
chord) the zeroth iteration yields the surface vorticity 
strengths which are much less than the values to which the scheme 
is converging for a-type components, and much larger than the 
values for 3-type components. The first iteration how-
ever, tends to correct the distribution but the a-type 
components become larger than the apparent final values, and 
the 8-type become lesser. It should be noted that the dif-
ference of the values between the first and the zeroth 




Figure 23. Typical Oscillatory Pattern of Convergence of a- and 8-type 
Vorticity on Semi-infinite Wing at y/c=-0.1, x/c=0.25; Airfoil 




the zeroth iteration and the initial two-dimensional values. 
Also, the behavior of the a- and the 3-components is consis-
tent with the requirement of the conservation of total 
vorticity. The second and fourth iterations result in 
surface vorticity strengths which are less than the appa-
rent final values for a-type, and larger for the 3-type. The 
trend is the opposite for the third (and the fifth for a-
type) iteration. The difference in the values of the local 
vorticity strength for consecutive iterations gets in-
creasingly smaller for successive iterations. It is there-
fore clear that the method exhibits a parallel of the damped 
oscillations for the surface vorticity strengths about a 
final converged distribution. A careful study of the re-
sults for the circular cylindrical body shows an exactly 
similar pattern of the vorticity distributions for successive 
iterations (see Appendix B). 
The above observations regarding the results obtained 
from the basic iterative method suggest the following modi-
fication to the procedure. Starting from the two-dimensional 
distribution, the zeroth and the first iterations are 
completed. At this stage, the input surface vorticity 
distribution for the second iteration should not be the 
result of the first iteration as in the basic scheme, but 
the arithmetic mean, I„, of the results of the zeroth and 
the first iterations. In the light of the observations made 
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above, it is to be expected that I will be relatively closer 
to the final converged value than the I. Using IM as the in-
put, the second iteration is completed and the results, II, 
are compared with the I values to check for convergence. In 
case further computations are needed, two possibilities 
arise: (1) to choose the II as the input for the third 
iteration, or (2) to take the mean, H M / °f the II and the 
IM and to use this as the input for the next iteration. A 
comparison of the results, III, obtained from the input vor-
ticity distribution II, with the alternate results, IIL, 
obtained from the input vorticity distribution II.. is dis-
cussed in the next section. It is found that the II.. is the 
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better choice for the input, and as might also be antici-
pated, results in accelerated convergence. 
The modified iterative procedure can now be summar-
ized as follows. After the zeroth and the first iterations, 
the surface vorticity distribution is replaced by the mean of 
the results of the zeroth and the first iterations. The 
second iteration results are compared with the input distri-
bution for convergence. The criterion for convergence, of 
course, is the smallness of the difference of the results of 
two successive iterations. Every following iteration is 
started with the input surface vorticity distribution which 
is the mean of the two previous distributions. 
The modified iterative method is used to compute the 
potential flow on the semi-infinite wing whose cross-section 
is an NACA 0012 airfoil. In order to obtain a relatively 
more detailed and accurate surface vorticity strength 
distribution, the number of k-stations is increased to 20 
and the number of ^-stations in increased to 10. There are 
then a total of 570 surface elements with 38 strips ex-
tending to infinity. 
No approximations are made regarding the shape and/or 
size of any of the surface elements. The interval between 
any two adjacent k-stations is subdivided into 16 equal 
divisions when the integrals in the Eqs. (38)-(48) are 
evaluated by Simpson's rule. For the control points lying 
inboard of the ^-station at y=0, the interval between the 
adjacent ^-stations is subdivided into 16 equal divisions 
whereas the interval between two adjacent m-stations is 
divided into 10 equal divisions. When the control point lies 
on the half-body-of-revolution tip, the number of subdivisions 
for m-stations is increased to 16 and the number for SL-
stations is decreased to 10. This offers saving in compu-
tational time without any appreciable loss of accuracy. 
It must be mentioned at this stage that the numerical 
evaluation of the double integrals requires about three times 
as much time on the computer as is needed to evaluate the 
single integral other factors being the same. It should be 
recalled that Eq. (45), which gives the contribution of a-type 
vorticity distribution on the tip to the induced velocity at 
a control point, involves a double integral. Eqs. (47) and 
(48) are used to evaluate the contribution of the B-type 
vorticity distribution on the surface to the induced velocity 
at a control point and these also involve double integrals. 
Moreover, the contribution of a surface element to the in-
duced velocity at any control point is mainly dependent on 
the relative distance of the control point to the points on 
the surface element. Even though the contributions of the 
distant elements are small, none of the nearly 600 elements 
is ignored. These factors result in a total of approximately 
85 minutes of execution time required for each complete 
iteration (after the zeroth one) on the CDC Cybler 70/74 
NOS 1.1-419/420. This computational time is quite large. 
Nevertheless, an accurate and detailed solution once ob-
tained provides a basis to check the accuracy of the results 
obtained for a procedure which involves approximations either 
for the mathematical formulation, for the numerical tech-
niques, or both in order to achieve a saving on the compu-
tational time required. The execution time for each itera-
tion can be reduced to approximately 3 0 minutes by making 
suitable approximations to the geometry of the surface ele-
ments. These are discussed in detail in the next chapter. 
4.2.2. Results and Discussions 
The results of the modified iterative procedure ap-
plied to a semi-infinite NACA 0012 wing with half-body-of-
revolution tip illustrate the accelerated convergence pat-
tern on the tip region as described in the last section. 
It was mentioned earlier that the cut-off station can be 
located at one chordlength inboard from the tip. The ef-
fect of the tip to render the flow three-dimensional is found 
to be confined to approximately 0.2 chordlength inboard from 
the tip. The typical results for the chordwise distribution 
of the a- and S-type surface vorticity are tabulated in 
Appendix C for two m-stations (ij;=90o, 30°) and three l-
stations (y/c = 0, -0.03, -.1). 
In the modified scheme, the input for the second 
iteration is the mean of the resulting surface vorticity 
distributions for the zeroth and the first iterations. A 
comparison of the results of the second iteration with its 
input vorticity distribution, IM, shows that their difference 
is less than one percent based on free stream of unit magni-
tude on a major portion of the wing (between the chordwise 
locations at 5% and 75% chordlength). Even on the remaining 
portion near the leading edge and the trailing edge, the dif-
ferences are of the order of one to five percent. 
The results for a third iteration, III, can be com-
puted with the results of the second iteration, II, as the 
input. A relatively large decrease in the values of the ex-
type vorticity and increase in the values of the (3-type 
vorticity is observed when the results, II and III, are com-
pared. This situation is similar to the case of the basic 
iterative procedure which shows that the surface vorticity 
components oscillate about the final values with ever de-
creasing amplitudes. Based on the insight provided by the 
results of the basic iterative procedure, it can be con-
cluded that the values of the a-type vorticity resulting from 
the second iteration, II, are larger than the final values and 
those resulting from the third iteration, III, are smaller. 
For the B-type vorticity, the values resulting from the 
second iteration are smaller than the final values and those 
resulting from the third iteration are larger than the final 
values. A continuation from this third iteration, III, will 
involve several more iterations before the scheme converges 
to the actual surface vorticity distribution which lies be-
tween the values of the second, II, and the third, III, 
iterations. 
An alternate third iteration, Ii:cA/ i
s carried out 
with an input surface vorticity distribution, H M f which is the 
mean of the input, IM, and the results, II, of the second 
iteration. The resulting values for the a- and the (3-type 
vorticity are different from the values of the input distribu-
tion, H M , by an amount which is less than half of one percent 
on the entire wing except for a very small region of the tip 
near the leading edge. Even in this region, which lies be-
tween the leading edge and the chordwise location at five 
percent chordlength, the differences are less than (or at 
the most equal to) two percent. It is interesting to note 
that the results of the alternate third iteration are 
surprisingly close to the mean of the results of the second, 
II, and the third, III, iterations. These observations lead 
to the conclusion that the results of the alternate third 
iteration (i.e., 111^ a r e close to the final solution. It 
is naturally expected that a fourth iteration starting from 
the mean of the II., and III,, will substantiate the conclusion. 
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The results of an extension of this scheme to the finite 
aspect ratio wing, discussed in the next chapter, do indeed 
support it. 
A check on the accuracy of the results is provided by 
the values of the normal component of the total velocity on 
the surface of the wing. The magnitudes of the normal 
components are less than one percent of the free stream 
value of unity. Also, the difference in the values of the 
circulations around contours which enclose the vorticity 
crossing the m-stations at î =0° and at IJJ=90O is less than 
half of one percent. This indicates that the conservation 
of vorticity is maintained. 
Three typical chordwise distributions of the a- and the 
3-type surface vorticity are plotted in Figure 24. The 
chordwise distribution of the surface pressure coefficient 
is tabulated in Table 9 for six locations on the body. 
The corresponding plots are shown in Figure 25 for five 
locations. The three-dimensional relief effect can be 
























Chordwise Distribution of the a- and (3-type 
Components of the Surface Vorticity Strengths 
on the Semi-infinite NACA 0012 Nonlifting Wing 
Table 9. The C p Distribution on the Surface of the Semi-infinite NACA 0012 
Wing with Half-body-of-revolution Tip 
x/c 2-D y/c=-.325 y/c=0.1 y/c=-.03 ijj=0° (|j=30o 1̂ =90° 
.0 1.0 .9997 .9964 .9803 .8292 .8292 .8292 
.0055 .3215 .3347 .3426 .3389 .2642 .1766 .1122 
.0125 -.0053 .0184 .0314 .0388 .0186 -.0361 -.0511 
.025 -.2219 -.1965 -.1785 -.1573 -.1441 -.1638 -.1528 
.055 -.3613 -.3427 -.3154 -.2766 -.2448 -.2359 -.2062 
.105 -.4092 -.3824 -.3425 -.2965 -.2651 ".2485 -.2125 
.17 -.3979 -.3665 -.3190 -.2759 -.2499 -.2330 -.2001 
.25 -.3676 -.3273 -.2791 -.2415 -.2204 -.2083 -.1775 
.4 -.2766 -.2435 -.2029 -.1751 -.1601 -.1592 -.1306 
.6 -.1622 -.1389 -.1134 -.0958 -.0890 -.0995 -.0750 
.775 -.0563 -.0488 -.0395 -.0308 -.033 -.0523 -.0300 
.875 .0172 ,0185 .0151 .0145 .0038 -.0228 .0013 
.9575 .1299 .1145 .0995 .0812 .0535 .0196 .0463 












Figure 25. Pressure Distribution on the Surface of the 
Semi-infinite NACA 0012 Wing with Half-body-
or-revolution Tip at Zero Angle of Attack 
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CHAPTER V 
POTENTIAL FLOW ON A FINITE WING 
5.1. Application of the Iterative Procedure 
In the last two chapters, the development of an itera-
tive procedure and its application to nonlifting, semi-
infinite bodies was described and discussed. The apparent 
logical extension is to apply the iterative method to compute 
the potential flow on a conventional wing of finite aspect 
ratio. In this chapter, the case of a nonlifting, constant 
chord, rectangular wing is considered. One of the obvious 
ways the iterative procedure can be applied to this case is 
to start the procedure with an initial surface vorticity 
distribution which is the two-dimensional chordwise vorticity 
distribution for the cross-sectional airfoil of the wing at 
each of the spanwise stations. The steps described for a 
modified iterative scheme in Section 4.2 should lead to a 
converged solution. However, a more efficient procedure will 
be to start from an initial surface vorticity distribution 
which is closer to the final solution. This can be ac-
complished by choosing a surface vorticity distribution which, 
on the tip region of the finite wing, is the same as the 
distribution on the tip region of the corresponding semi-
infinite wing. It is expected, and is borne out by the re-
sults, that the number of iterations required for a reason-
ably good convergence is small even for a wing of small 
aspect ratio (^3). 
The choice of the initial surface vorticity distribu-
tion mentioned above also affords another advantage which 
deserves mention. The number of surface elements on the 
finite wing will be of the order of twice the number of 
surface elements on the semi-infinite wing. A consider-
able saving of the computational time can be achieved by 
executing a few iterations for the semi-infinite wing, and 
then transferring to the finite wing. The specifics of the 
procedure are discussed in Section 5,3. 
5.2. Approximations of the Surface Elements 
It was mentioned earlier that the numerical evalua-
tion of a double integral is considerably more time con-
suming on the computer than the evaluation of the single 
integral. For a finite wing with a much larger number of 
surface elements as compared to the semi-infinite wing, the 
evaluation of double integrals in Eqs. (45), (47) and (48) 
can lead to prohibitive computational time for each 
iteration. This provides strong motivation to investigate 
ways and means to reduce the computational time. 
A study of the mathematical formulation of the 
iterative procedure reveals that the double integrals arise 
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because of the curved vortex filaments constituting the sur-
face vorticity distribution. This in turn results from the 
fact that no approximations are made to the geometry of the 
curved surface elements. It should also be noted that the 
a-type vorticity distribution inboard of the tip is composed 
of straight line filaments and the velocity induced by this 
distribution at any control point is given by Eq. (43) in-
volving only a single integral. Based on these observa-
tions, the following approximations are incorporated in 
the formulation. 
The contribution of the [3-type surface vorticity 
distribution to the induced velocity at any control point is 
given by Eqs. (47) and (48). These are used only for that 
surface element which contains the control point where the 
velocities are being computed. The remaining surface ele-
ments inboard of the tip are replaced by flat panels formed 
by joining the corners of the surface elements by straight 
lines. The induced velocity due to the 3-type velocity 
distribution on the flat panels can be expressed as a single 
integral even though the vorticity strength itself varies 
linearly on each of the panels (see Appendix D, Eq. D-l). 
The half-body-of-revolution tip is divided into half 
frustums of cones of axial lengths determined by the adjacent 
k-stations. The m-stations then divide each of the half 
frustums of cones into smaller elements. For this geometry 
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of the surface elements, the induced velocity due to the $-
type surface vorticity distribution can be expressed by a 
single integral (see Appendix D, Eq. D-2). The Biot-Savart 
law is, of course, used in each of the cases. No appreciable 
change is noticed in the numerical values as a result of 
these approximations when the contributions of the B-type 
vorticity distribution are compared with the results obtained 
earlier for all curved surface elements with no approxima-
tions. 
The contribution of the a-type surface vorticity 
distribution on the surface element inboard of the tip to 
the induced velocity at any control point is given by Eq. 
(43). Since the expression involves only a single integral, 
no apparent saving in the computer time is possible by re-
placing the elements by flat panels. The approximations can 
only lead to some loss in accuracy. However, the tip formed 
by the half body of revolution is divided into frustums of 
cones as described earlier. The contribution of the a-type 
surface vorticity distribution on the tip to the induced 
velocity can be expressed by a single integral (see Appendix 
D, Eq. D-3) rather than the double integral of Eq. (45). 
This approximation of the tip has very little effect on the 
numerical values for the control points inboard of the tip 
but the computed values showed impairment of the accuracy 
of the results for the control points lying on the tip. A 
considerable improvement in the latter case is realized by 
replacing the frustum of a cone which contains the control 
point where the velocities are to be computed by the 
original body shape and using Eq. (45) for the surface 
elements on this section only. This compromise still re-
sults in an appreciable saving in the computational time 
with better agreement with the values obtained earlier for 
all curved surface elements with no approximation. 
5.3. Numerical Procedure and Results 
The iterative scheme is applied to obtain the po-
tential flow on a nonlifting NACA 0012 wing of aspect 
ratio 3. The coordinate system and the typical surface 
elements are shown in Figure 26. The starting surface 
vorticity distribution in the present case is chosen to be 
the input distribution, ^ M ' f o r t h e third iteration for 
the semi-infinite NACA 0012 wing (see Section 4.2). The 
numerical evaluation of the integrals for the surface 
element on which the control point lies is exactly the same 
as described in Section 4.1. All the other integrals are 
evaluated by using Simpson's rule. The mode and number of 
subdivisions on each surface element is also retained (see 
Section 4.2). The total number of k-stations is 20, the 
number of m-stations is 13, and the number of ^-stations is 
increased to 12 which includes the station at y = 1.5c 

















of symmetry. This results in a total of 1292 surface 
elements on the entire wing. However, owing to symmetry, 
the control points need be designated in only one of the 
quadrants. 
Starting from the input surface vorticity distribu-
tion, ^ M ' *-he r e s u l t s of the next iteration, III, and of 
the successive iteration are tabulated in Appendix E for a 
few representative locations. It is observed that the dif-
ference of the results III and the input II,, is less than 
half a percent based on a free stream value of unity for 
a major portion of the wing between the chordwise locations 
at 5% and 75% chordlength. On the remaining portion, the 
difference is of the order of 1% except near the inter-
section of the leading edge and the tip where the maximum 
difference approaches 3%. Even better agreement is ob-
tained between the values of the fourth iteration, IV, with 
its input distribution, IIIM, which is the mean of the III 
and the II... The differences are less than half a percent 
on the entire body and much less than this on a major 
portion of the wing. It can be concluded that the finite-
ness of the wing requires only a minor readjustment of the 
initial surface vorticity distribution which corresponds 
to that of a semi-infinite wing of the same cross-section. 
In Table 10, the chordwise distribution of the pressure 
coefficient is presented and the corresponding plots are 
Table 10. Chordwise Pressure Coefficient, C p, Distribution on the Surface of 
the Nonlifting NACA 0012 Wing, AR = 3 
y/c 
x/c 
0.0 0.5 1.0 1.4 1.47 1.5 
(1^=0°) 
I|J = 3 0 O ijj=60° I|J = 9 0 O 
.0 1.0 .9999 .9999 .996 .9777 .8296 .8296 .8296 .8296 
. 0055 .3215 .3337 .3369 .3420 .3367 .2481 .1395 .0957 .0707 
. 0125 -.0053 .0141 .019 .0306 .0355 .0047 -.0672 -.0846 -.082 
.025 -.2219 -.2097 -.1993 -.1792 -.1616 -.1566 -.1897 -.1882 -.1786 
. 055 -.3613 -.3592 -.3510 -.3156 -.2808 -.2496 -.2463 -.2302 -.2161 
.105 -.4092 -.4041 -.3939 -.3424 -.3007 -.2748 -.2640 -.2460 -.2320 
.17 -.3979 -.3913 -.3795 -.3194 -.2841 -.2522 -.2366 -.2186 -.2042 
.25 -.3616 -.3546 -.3417 -.2802 -.2547 -.2230 -.2119 -.1967 -.1818 
.4 -.2766 -.2702 -.2574 -.2052 -.1952 -.1599 -.1587 -.1476 -.1300 
.6 -.1622 -.1579 -.1484 -.1153 -.1103 -.0892 -.0998 -.0920 -.0745 
.775 -.0563 -.0577 -.0523 -.0400 -.0360 -.0343 -.0540 -.0460 -.0306 
.875 .0172 .0150 .0180 .0153 .0131 .0021 -.0250 -.0150 .0001 
.9575 .1299 .1144 .1161 .1002 .0821 .0514 .0174 .0310 .0450 
1.00855 1.0 .9999 .9998 .9956 .9868 .9471 .9471 .9471 .9471 
given in Figure 27. 
A comparison of the computational time for the 
present case and for the semi-infinite wing case indicates 
the usefulness of the appropriate approximations of the 
surface elements. Even with more than twice the number of 
surface elements on the finite wing, the computational 
time for one complete iteration is approximately 50 minutes 
on the CDC Cyber 70/74 NOS 1.1-419/420 as against nearly 
85 minutes required for the semi-infinite wing. The at-
tendant impairment of accuracy is negligible for all prac-
tical purposes. 
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Figure 27. Chordwise Distribution of the Pressure 
Coefficient, C , on Nonlifting NACA 0012 
Wing of AR=3 
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CHAPTER VI 
CONCLUSIONS AND RECOMMENDATIONS 
The more widely used numerical methods to solve 
potential flow problems involve basically a surface source 
distribution with an added vorticity distribution to ac-
count for circulation and lift. However, in the opinion 
of the author, the formulation of an incompressible, 
inviscid flow problem using only surface vorticity distribu-
tion appears to be more natural as the vorticity represents 
the physical phenomenon more closely than either sources 
or doublets. The use of vorticity offers another im-
portant advantage that the surface velocity is directly 
obtained as the solution without any further computation. 
In the present work, therefore, a surface vorticity distri-
bution has been utilized to study several two- and three-
dimensional flow problems for a steady, uniform free-
stream. 
The two-dimensional problems were formulated as an 
integral equation. This was approximated with a set of 
linear, algebraic equations by satisfying the no-normal-
flow boundary condition on the surface elements and by 
using the Elementary Vortex Distribution (EVD) technique. 
The use of the EVD led to a coefficient matrix with domi-
nant diagonal and off-diagonal elements for the system of 
equations. The equations could, therefore, be easily 
solved by the Gauss-Jordan reduction method using maxi-
mum pivot strategy. Also, the EVD technique results in a 
piecewise linear but continuous solution on the surface. 
For a circular cylinder with 72 surface elements, 
the computed values were within one percent of the exact 
analytical solution. Even better agreement was obtained 
for larger number of surface elements. The surface 
velocity distributions were obtained for NACA basic 
thickness form airfoils (6%, 12%, 18% and 24% thick) for 
nonlifting and lifting cases. Approximately 60 surface 
elements provided a reasonably accurate velocity distribu-
tion. 
An iterative procedure was formulated and developed 
to compute the three-dimensional flow in the tip region 
of a circular cylinder with a hemispherical tip. Initial-
ly, a vortex sheet whose chordwise strength distribution 
is the same as that of the two-dimensional cylinder was 
"wrapped" around the tip. In three iterations, the vortex 
sheet strength in the tip region was readjusted to a 
three-dimensional distribution which merged smoothly with 
the two-dimensional distribution further inboard from the 
tip. The results of the first iteration are different 
from the solution obtained after the third iteration by 
amounts which are less than five percent based on unit 
free stream. The difference between the results of the 
second and the third iteration is less than two percent. 
It is observed that the results of the successive itera-
tions, starting from the initial approximation, exhibit a 
damped oscillatory pattern of convergence. This phenomenon 
is also noticed when the basic iterative procedure is ap-
plied to a semi-infinite NACA 0012 wing with half-body-
of-revolution tip. Based on these observations the basic 
procedure was modified to achieve accelerated convergence. 
Using the modified scheme for a semi-infinite wing, 
the results of the second iteration were within one per-
cent of its input distribution on a major portion of the 
wing (between the chordwise locations at 5% and 75% chord-
length) . The results of a third iteration were in even 
better agreement with their input surface vorticity distri-
bution. The modified method was extended to a nonlifting 
NACA 0012 wing of aspect ratio three. Only one iteration 
was needed to obtain the solution with an initial approxi-
mation which was the solution of the semi-infinite wing. 
The differences were only marginal between the final re-
sults and the input distribution. The results of the finite 
wing and semi-infinite wing show that the effect of the 
tip is largely confined to a small fraction (̂ .2) of the 
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the problem is to start the iterative procedure with a 
surface vorticity distribution on the wing which corres-
ponds to the nonlifting solution with an additional vor-
ticity distribution superimposed to account for circulation 
and lift. Moreover, a suitable model for the trailing 
vorticity sheet has to be assumed as an initial approxi-
mation and the kinematic boundary condition will have to be 
satisfied on this trailing vorticity sheet. The suc-
cessive iterations should readjust the vorticity strength 
distribution on the wing and the strength and the location 
of the trailing vortex system to yield the final solution. 
The iterative procedure developed in the course of present 
investigation can also be used to compute the detailed 
flow on a helicopter blade which may be treated as a wing 
in a linearly varying free stream. A nonlifting blade 
will require only minor changes in the execution of the 
iterative procedure whereas the case of a lifting blade 
is more involved because of the presence of a vortex wake. 
The application of the iterative procedure to com-
pute a detailed and accurate three-dimensional flow on the 
tip region of a wing requires a large amount of compu-
tational time if no approximations are made to the geometry 
of the curved surface elements. However, certain suitable 
approximations discussed in Section 5.2 reduced the 
computational time required for the semi-infinite wing 
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chord inboard from the tip and the flow is essentially two-
dimensional inboard of approximately one chord length 
from the tip. 
The most important advantage of the iterative pro-
cedure is that a detailed three-dimensional surface velocity 
and pressure distribution can be computed without having to 
solve an extremely large matrix. Such matrices when ob-
tained from the approximation of the integral equation of 
the first kind for surface vorticity distribution models 
are not usually well behaved. Also, the surface vorticity 
distribution is equivalent to the surface velocity distribu-
tion which can be used to compute the pressure distribution 
readily. The detailed pressure distribution finds appli-
cation in the boundary-layer computations and the surface 
vorticity distribution provides the boundary condition in 
solving the Navier-Stokes equations by the stream function-
vorticity transport equation model. 
The logical extension of the present work is an 
application of the iterative procedure to a three-dimension-
al lifting wing. This case is quite important because the 
solution is very likely to provide more insight into the 
problems related with the wing tip vortex. This is, how-
ever, more complicated than a nonlifting case since the 
vorticity distribution and geometry of a trailing vortex 
system are unknown. One of the possible ways to approach 
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by approximately 70% of the 85 minutes needed for each 
iteration when no approximations are made. A comparison of 
the results for these cases showed an insignificant loss of 
accuracy due to the approximations. Therefore, the use of 
these approximations is recommended especially if the surface 
elements have large radii of curvature. It should also be 
pointed out that further reduction in the computational 
time can be accomplished by introducing approximations and/or 
modifications to either the mathematical formulation or the 
numerical techniques. The results given here for the cases 
involving no approximations provide a basis to check the 
validity of any approximation or modification. An extensive 
study of the relative magnitudes of the contributions to 
the induced velocity at a control point from the surface 
elements might help in identifying the elements which 
contribute insignificantly. It may be possible to entirely 
omit them from the calculations and hence reduce the compu-
tational time or alternatively, to express the contribution 
of such elements as a simple, analytical expression by as-
suming a uniform, constant strength distribution which is 
an average of the actual distribution for each of the ele-
ments . 
APPENDIX A 
USE OF SYMMETRY FOR TWO-DIMENSIONAL FLOWS 
Consider the system of Eqs. (26) for four surface 
elements on the body. The set of equations is 
A11Y1 + A12Y2 + A13Y3 + A14Y4 = bl' 
A2]Jl + A22^2 + A23^3 + A24^ 4
 = b 2 ' 
A31Y1 + A32Y2 + A33Y3 + A34Y4 b3' 
A41Y1 + A42Y2 + A43Y3 + A44Y4 = b4 
->-
V ^ X 
Using top and bottom symmetry, i.e., 
Yl = " Y 4 ' 
Y2 = "Y3, 
114 
the surface distribution can be obtained by solving the fol-
lowing system of equations 
(A11_A14)Y1 + (A12-A13)Y2 = bl' 
:A21"A24)Y1 + (A22-A23>Y2 = b2 
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APPENDIX B 
SURFACE VORTICITY DISTRIBUTION ON SEMI-INFINITE 
CIRCULAR CYLINDER WITH A HEMISPHERICAL TIP 












































































x/c 2-D 0Uii I 
.0 .0 .2092 .1516 
.025 .6322 , .6289 .6328 
.05 .8814 .7912 .8188 
.1 1.2072 1.0112 1.0642 
.15 1.4324 1.1638 1.2344 
.2 1.6029 1.2772 1.3624 
.25 1.7343 1.3642 1.4664 
.3 1.8349 1.4308 1.5426 
.35 1.9095 1.4802 1.5994 
,4 1.9611 1.5146 1.6384 
.45 1.9914 1.5356 1.6614 
.5 2.0014 1.5403 1.6669 
a-Type, î =30° 
IV 
1679 .1635 .1647 
6274 .6345 .6270 
8062 .8164 .8068 
0452 1.0564 1.0474 
2132 1.2228 1.2166 
3406 1.3478 1.3448 
4392 1.4496 1.4442 
5134 1.5244 1.5188 
5684 1.5798 1.5742 
6064 1.6182 1.6126 
6288 1.6406 1.6350 
6340 1.6458 1.6404 
3 - T y p e , i^=30 
x / c 2-D , th I I I I I 
. 0 
. 0 2 5 
. 0 5 
. 1 
. 1 5 
.2 
. 2 5 
. 3 
. 3 5 
.4 
. 4 5 
. 5 
.0 .3624 .2627 .2908 .2832 
.0 .2478 .1795 .2002 .1925 
.0 .2086 .1496 .1681 .1619 
.0 .1584 .1140 .1278 .1240 
.0 .1242 .0900 .1006 .0984 
.0 .0981 .0717 .0800 .0786 
.0 .0766 .0565 .0630 .0622 
.0 .0579 .0433 .0484 .0478 
.0 .0411 .0314 .0352 .0349 
.0 .0256 .0205 .0230 .0228 
.0 .0111 .0105 .0114 .0113 
.0 .0 .0 .0 .0 
CO 
x/c 2-D 0 t h I 
.0 .0 .0 .0 
.025 .6322 .5099 .5480 
.05 .8814 .7136 .7642 
.1 1.2072 .9930 1.0514 
.15 1.4324 1.1884 1.2412 
.2 1.6029 1.3342 1.4014 
.25 1.7343 1.4462 1.5170 
.3 1.8349 1.5318 1.6088 
.35 1.9095 1.5954 1.6748 
.4 1.9611 1.6396 1.7204 
.45 1.9914 1.6662 1.7472 
.5 2.0014 1.6746 1.7556 
a-Type 





































x / c 2-D t h 
.0 .0 .4184 .0334 
.025 .0 .3973 .2899 
.05 .0 .3676 .2738 
.1 .0 .3334 .2438 
.15 .0 .2910 .2136 
.2 .0 .2484 .1832 
.25 .0 .2058 .1528 
.3 .0 .1631 .1224 
.35 .0 .1204 .0918 
.4 .0 .0776 .0612 
.45 .0 .0349 .0306 
.5 .0 .0 .0 
3 - T y p e , ijj=0 















a -Type , y / c = - 0 . 2 
x/c 2-D o t h I II III IV 
.0 .0 .0 .0 .0 .0 .0 
.025 .6322 .5467 .5710 .5572 .5685 .5578 
.05 .8814 .7652 .7970 .7800 .7934 .7808 
.1 1.2072 1.064 1.097 1.0802 1.0922 1.0814 
.15 1.4324 1.2730 1.3056 1.2920 1.2998 1.2934 
.2 1.6029 1.4288 1.4624 1.4500 1.4558 1.4514 
.25 1.7343 1.5484 1.5830 1.5708 1.5760 1.5724 
.3 1.8349 1.6398 1.6752 1.6630 1.6676 1.6646 
.35 1.9095 1.7078 1.7436 1.7314 1.7356 1,7330 
.4 1.9611 1.7550 1.7970 1.7784 1.7826 1.7802 
.45 1.9974 1.7830 1.8188 1.8062 1.8102 1.8080 
.5 2.0014 1.7924 1.8282 1.8156 1.8198 1.8177 
NJ 
' -Type , y / c = - 0 . 2 













214 .1463 .1664 .1622 
2031 .1392 .1582 .1542 
1922 .318 .1499 .1461 
1705 .1174 .1334 .1301 
1487 .1028 .1167 .1139 
1271 .0881 .1001 .0977 
1054 .0725 .0834 .0814 
0838 .0588 .0668 .0652 
0622 .0441 .0508 .0489 
0406 .0294 .0334 .0326 
0193 .0147 .0167 .0163 
0 .0 .0 .0 
M 
M 
x/c 2-D O u u I 
.0 .0 .0 .0 
.025 .6322 .5744 .5902 
.05 .8814 .8038 .8238 
.1 1.2072 1.1178 1.1340 
.15 1.4324 1.3372 1.3498 
.2 1.6029 1.5008 1.5120 
.25 1.7343 1.6262 1.6368 
.3 1.8349 1.7220 1.7322 
.35 1.9095 1.7928 1.8030 
.4 1.9611 1.8420 1.8518 
.45 1.9914 1.8708 1.8806 
.5 2.0014 1.8801 1.8899 
a-Type, y/c=-0.5 
II III IV 
.0 .0 .0 
.5784 .5896 .5784 
.8096 .8230 .8096 
1.1216 1.1328 1.1216 
1.3416 1.3484 1.3416 
1.5056 1.5104 1.5056 
1.6312 1.6352 1.6312 
1.7270 1.7304 1.7270 
1.7980 1.8010 1.7980 
1.8470 1.8498 1.8470 
1.8758 1.8786 1.8758 




x/c 2-D 0 t h 
.0 .0 .1001 
.025 .0 .0951 
.05 .0 .0900 
.1 .0 .0300 
.15 .0 .0698 
.2 .0 .0596 
.24 .0 .0495 
.3 .0 .0395 
.34 .0 .0294 
.4 .0 .0194 
.45 .0 .0094 
.5 .0 .0 
B-Type, y/c=-0.5 
I II III 
0854 .0814 .0796 
0700 .0774 .0756 
0062 .0734 .0716 
0590 .0652 .0638 
0516 .0571 .0558 
0442 .0489 .0478 
0369 .0408 .0400 
0295 .0326 .0319 
0221 .0245 .0239 
0147 .0163 .0159 
00734 .0082 .0080 






SURFACE VORTICITY DISTRIBUTION ON THE SEMI-INFINITE WING 
WITH HALF-BODY-OF-REVOLUTION TIP, WING 












































































































x/c 2-D 0 
.0 .0 .2806 
.0055 .8237 .8994 
.0125 1.0026 1.0065 
.025 1.1054 1.0582 
.055 1.1667 1.0834 
.105 1.1871 1.0874 
.17 1.1823 1.0828 
.25 1.1669 1.0722 
.4 1.1299 1.0543 
.6 1.0780 1.0398 
.775 1.0280 1.0405 
.875 .9914 1.0540 
.9575 .9328 1.1018 
1.00855 .0 .1071 
1 TM J I 
.1829 .2318 .2035 
.8830 .8912 .8698 
1.0134 1.0100 .9940 
1.0863 1.0722 1.0687 
1.1288 1.1061 1.1049 
1.1385 1.1130 1.1150 
1.1336 1.1082 1.1112 
1.1223 1.0973 1.1013 
1.0963 1.0753 1.0786 
1.0574 1.0486 1.0472 
1.0151 1.0278 1.0181 
.9762 1.0151 .9968 
.8961 .9990 .9645 
.1320 .1196 .1164 
a-Type, ijj=30° 
III IIM IIIA 
.2098 .2176 .2067 
.8690 .8805 .8694 
.9921 1.0020 .9930 
1.0609 1.0680 1.0623 
1.1008 1.1055 1.1029 
1.1101 1.1140 1.1125 
1.1061 1.1097 1.1087 
1.0963 1.0993 1.0988 
1.0746 1.0769 1.0766 
1.0456 1.0479 1.0464 
1.0207 1.0230 1.0194 
1.0038 1.0059 1.0002 
.9791 .9818 .9718 



















1.00855 . 0 
4860 .3169 .4014 
3235 .2393 .2814 
2729 .2062 .2395 
2246 .1729 .1987 
1644 .1282 .1463 
1113 .0851 .0982 
0692 .0566 .0629 
0333 .0286 .0310 
0146 -.0117 -.0132 
0632 -.0611 -.0622 
1043 -.1049 -.1046 
1340 -.1389 -.1364 
1750 -.1815 -.1782 
1855 -.2286 -.2071 


































a -Type , y / c = 0 . 0 
x/c 2-D o t h I XM II III IXM I T IA 
.0 .0 .0 .0 .0 .0 .0 .0 .0 
.0055 .8237 .7773 .7978 .7875 .7773 .7746 .7824 .7759 
.0125 1.0026 .9344 .9625 .9485 .9387 .9357 .9436 .9372 
.025 1.1054 1.0215 1.0614 1.0414 1.0366 1.0333 1.0390 1.0350 
.055 1.1667 1.0726 1.1240 1.0983 1.0999 1.0961 1.0991 1.0980 
.105 1.1871 1.0864 1.1420 1.1142 1.1194 1.1149 1.1168 1.1173 
.17 1.1823 1.0845 1.1387 1.1116 1.1174 1.1128 1.1145 1.1151 
.25 1.1669 1.0752 1.1264 1.1008 1.1064 1.1018 1.1036 1.1041 
.4 1.1299 1.0535 1.0960 1.0747 1.0788 1.0750 1.0767 1.0769 
.6 1.0780 1.0307 1.0519 1.0413 1.0414 1.0401 1.0414 1.0408 
.775 1.0280 1.0212 1.0058 1.0135 1.0079 1.0104 1.0107 1.0091 
.875 .9914 1.0237 .9641 .9939 .9832 .9899 .9886 .9865 
.9575 .9328 1.0534 .8827 .9681 .9482 .9616 .9581 .9549 
1.00855 .0 .0 .0 .0 .0 .0 .0 .0 
NJ 
3-Type, = 0.0 
x/c 2-D 0 u n 
.0 .0 .5611 
.0055 .0 .4874 
.0125 .0 .4246 
.025 .0 .3524 
.055 .0 .2555 
.105 .0 .1693 
.17 .0 .1020 
.25 .0 .0462 
.4 .0 -.0252 
.6 .0 -.0924 
.775 .0 -.1452 
.875 .0 -.1819 
.9575 .0 -.2306 
1.00855 .0 -.2142 
M 
.3659 .4635 .4069 
.3212 .4043 .3595 
.2792 .3519 .3149 
.2323 .2924 .2643 
.1680 .2118 .1932 
.1082 .1388 .1262 
.0670 .0845 .0785 
.0310 .0386 .0368 
-.0161 -.0206 -.0181 
-.0646 -.0785 -.0746 
-.1030 -.1241 -.1189 
-.1303 -.1561 -.1487 
-.1660 -.1982 -.1828 
-.2640 -.2391 -.2329 
III II.. Ill,, M A 
.4197 .4352 .4133 
.3719 .3819 .3657 
.3270 .3334 .3210 
.2756 .2783 .2700 
.2024 .2025 .1978 
.1325 .1325 .1293 
.0825 .0815 .0805 
.0388 .0377 .0378 
-.0188 -.0194 -.0184 
-.0778 -.0765 -.0762 
-.1238 -.1215 -.1214 
-.1543 -.1524 -.1515 
-.1891 -.1905 -.1860 





x/c 2-D (T11 
.0 .0 .0 
.0055 .8237 .8098 
.0125 1.0026 .9716 
.025 1.1054 1.055 
.055 1.1667 1.0926 
.105 1.1871 1.0946 
.17 1.1823 1.0857 
.25 1.1669 1.072 
.4 1.1299 1.0463 
.6 1.0780 1.0178 
.775 1.0280 .9987 
.875 .9914 .9870 
.9575 .9328 .9733 
1.00855 .0 .0 
1 JM I T 
.0 .0 .0 
.8112 .8105 .8007 
.9845 .9780 .9708 
1.0846 1.0698 1.0683 
1.1443 1.1184 1.1256 
1.1571 1.1259 1.1375 
1.1498 1.1177 1.1304 
1.1350 1.1035 1.1161 
1.1027 1.0745 1.0859 
1,0580 1.0379 1.0469 
1.0142 1.0065 1.0130 
,9792 .9831 .9892 
.9250 .9492 .9557 
. 0 . 0 .0 
H I H M H I A 
.0 .0 . 0 
. 8 0 1 7 . 8 0 5 6 . 8 0 1 2 
. 9 7 1 2 . 9 7 4 4 . 9 7 1 0 
1 . 0 6 7 8 1 . 0 6 9 1 1 . 0 6 8 1 
1 . 1 2 3 4 1 . 1 2 2 0 1 . 1 2 4 5 
1 . 1 3 3 9 1 . 1 3 1 7 1 . 1 3 5 7 
1 . 1 2 6 1 1 . 1 2 4 1 1 . 1 2 8 3 
1 . 1 1 1 7 1 . 1 0 9 8 1 . 1 1 3 9 
1 . 0 8 2 0 1 . 0 8 0 2 1 . 0 8 4 0 
1 . 0 4 4 7 1 . 0 4 2 4 1 . 0 4 5 8 
1 . 0 1 3 2 1 . 0 0 9 8 1 . 0 1 3 1 
. 9 9 0 6 . 9 8 6 1 . 9 8 9 9 
. 9 5 5 8 . 9 5 2 4 . 9 5 5 8 



















2458 .0810 .1634 
2415 .0824 .1619 
2345 .0829 .1587 
2198 .0813 .1505 
1834 .0727 .1280 
1336 .0558 .0947 
0858 .0368 .0613 
0420 .0179 .0300 
0175 -.0081 -.0128 
0739 -.0313 -.0526 
1134 -.0426 -.0780 
1331 -.0366 -.0879 
1397 -.0322 -.0859 






























































x/c 2-D .th 
•M 
.0 .0 .0 .0 .0 
.0055 .8237 .8215 .8098 .8156 
.0125 1.0026 .9917 .9850 .9883 
.025 1.1054 1.0855 1.0890 1.0872 
.055 1.1667 1.1331 1.1551 1.1441 
.105 1.1871 1.1345 1.1716 1.1531 
.17 1.1823 1.1196 1.1644 1.1420 
.25 1.1669 1.0997 1.1483 1.1240 
.4 1.1299 1.0664 1.1137 1.0901 
.6 1.0780 1.0321 1.0673 1.0497 
.775 1.0280 1.0089 1.0231 1.0160 
.875 .9914 .9916 .9877 .9897 
.9575 .9328 .961] .9313 .9463 
















































1116 .0191 .0653 
1113 .0196 .0655 
1108 .0201 .0654 
1091 .0208 .0650 
1022 .0214 .0618 
0853 .0198 .0525 
0611 .0148 .0380 
0336 .0078 .0210 
0089 -.0036 -.0062 
0506 -.0131 -.0319 
0752 -.0145 -.0448 
0812 -.0144 -.0463 
0762 -.0066 -.0414 


































































INDUCED VELOCITY DUE TO VORTICITY DISTRIBUTION ON 
APPROXIMATE SURFACE ELEMENTS 
The component of the induced velocity in a direction 
defined by (c, ,c2,cJ at the i-th control point, (x- ,y- ,z-) , 
due to 3-type surface vorticity distribution on a flat panel 
located inboard of the tip can be expressed as a single 
integral. The vorticity strength varies linearly on the 
panel. The Cartesian coordinates of the panel are 
( xk' y£' Zk }' ^ k ' ^ + l ' V ' ^ k + l ' ^ ^ k + l * ' a n d 















z k + i " z k 
xk+l"xk 
136 
d = ZkXk+l Zk+lxk 
xk+l~xk 
2y bx +2a bx,+2a 
T - - r K L _ K i / 
1 2 2 ~~ —— -j 
4ac-b y / ( a + b x k + 1
+ c x
k + 1
) /(a+bxk+cx^ ) 
2y 2cx, , _+b 2cx, +b 
T 2 r k+1 k , 
2 2 2 2 " ' 
4ac-b /(a+bx, n + c x 1 1 1 ) / ( a + b x ^ c x , ) k+1 k+1 k k 
a = x i + (y i -y ) + (z i~d) 
b = -2{m(z . -d )+x-} , 




Xk , / (xk+l-xk : 
Yk = Y3Y+Y4 , 
Yk+1 = Y5y+^6 ' 
137 
Y3 = ( Y k + ^ r
Y k ^ ) / ( y £ + r ^ £
} ' 
Y4 = (^r^M^^.i+iv^^y^i-y^ > 
Y5 (Yk+l,£+l Yk+1,£)/(Y£ + 1 Y£ } ' 
Y6 (Yk+l,£Y£+l Yk+l,£ + lY£)//(y£+l Y£ } 
The component of induced velocity at the i-th 
control point due to the 3-type surface vorticity distribu-
tion on the k-m surface element on a half frustum of a cone 
on the tip can be expressed as a one-dimensional integral 
K M 
VT R = v \ \




AV km 4TT K [my I, + (dY-i+mY2) I2+dy2
I3] d G 
m 
with 





m (z . sine-y • cose)c-i + (x, m cose-z.+d cose)c 
+ (y--d sine-x-m sinejc^, 
Pk = z (xk) I(J^0 





qc/(a+bxk+1+cxk+1) qc/(a+bxk+cxk ) 
x b+2cxk+1+2/c(a+bxk+1+cxk+1) 
+ -m ln[ 2 J ' b+2cxk+2/c(a+bxk+cxk ) 
2 r
 2 a + b xk+l 
l 0 /-r L 
2a+bx, 
q /(a+bxk+1+cxk+1) /(a+bxk+cxk ) 
] , 
1^ = 
~ b+2cx, , -, 2 r k+1 
b+2cx, 
q /(a+bxk+1+cxk+1) /(a+bxk+cxk ) 
•] , 
q = 4 a c - b ' 
2 2 2 2 
= x- +y- +z. +d ~ 2 d ( y - s i n c + z ^ cose ) , 
139 
b = 2{md-x.-m(y. sine+z. C O S E ) } 
c = 1+m , 
Yl = Yll s i n*+Y 1 2 , 
Y2 = Y21 sin<]>+Y22 , 
Y l l = ( Y 5 p k + r Y 3 p k ) / ( x k + l - X k ) ' 
Y12 = (Y6-Y4 ) / ( xk+r
Xk>-
Y21 = ^SP^k+l-^SPk+l^' /^k+l^k' ' 
Y22 = (Y4xk+l-Y6xk)/(xk+1-xk) , 
Y3 = ( Y k , m + r Y k , m ) / ( p k s i n W p k s in4<m>' 
Y4 = (Yk,m Sin*m+1-Yk,m+1 s i r a"m ) ' ( s i n * m + l "
 sin["m] 
Y5 = ( Y k + l , m + r
Y k + l , m
) / ( p k + l S i n * m + r
p k + l
 s i n *n. ) ' 
6 = (Yk+l,m S i r f m + l -
Y k + l , m + l sin^m) / ^^ra+l^^m^ Ye = 
140 
The component of the induced velocity at the i-th 
control point due to the a-type surface vorticity distribu-
tion on k-m surface element on the half frustum of cone on 
the tip is given by 
K M 
VT = * \ AVkm <D-3> 
a k=l m=l 
where 
/(1+m2) f m+l 
^j—1- I (I1+I2+I^ + I4)d£, 
'm 
with m, d, p, , p, , , and q defined in (D-2) and 
2d, b+2cx. ̂  b+2cx, 
= _J,t k+1 k 
q /( a + b x k +i
+ c xk +l
) / ( a + b x k + c x k + l
] 
2dn 2a+bx1 , .. 2a+bx, 




3 ^ 3 L — " ~ ~ ~ ~ ~ ~~2 ~ —~ ~ ~~ 2 
c q / ( a + b x , , + c x , , ) c q / (a+bx, +cx , ) 




"3/2" l n { ' 2 ~ }] ' 
c b+2cxk+2/c (a+bx, +cx, ) 
141 
2 2 2 2 2 
a(8ac-3b )/c +b(10ac-3b ) x, , -, /c +qx, , n /c 
-r n r K+l K + l 
I 4 = d 4 [ — _ 






3 b . /
b + 2 c xk +l
+ 2 / c ( a + b xk +l
+ C Xk +l
)
1 
2 ^ 7 2 l n { — — — : } 
C x 
b+2cxk+2/c (a+bx, +cx, ) 
d1 = dAy2 / 
d2 = dBy2+(my2+dy1)A , 
cU = mAy-, + (mŷ +dy-, ) B 
d4 = mByj^ , 
A = c, (z . cos(J> + y. sine-d)-x-(c2 sin e+c~. cos e) , 
B = c2 sine+Co cose-mc-, 
The expressions for y-, and y2 are given in Eq. (D-2) except 
that in the numerical evaluation, the appropriate a-type 
vorticity strength is to be used in Eq. (D-3). 
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APPENDIX E 
SURFACE VORTICITY DISTRIBUTION ON THE FINITE 
WING OF ASPECT RATIO 3, WING AIRFOIL 


















































a - T y p e , ijj=45° 




. 0 .0 . 0377 .2850 .2963 .2919 
.0055 .8237 .9119 .9211 .9165 .9199 
.0125 1.0026 1.0188 1.0253 1.0221 1.0235 
.025 1.1054. 1.0755 1.0826 1.0791 1.0807 
. 055 1.1667 1.1054 1.1089 1.1072 1.1069 
.105 1.1871 1.1104 1.1200 1.1152 1.1176 
.17 1.1823 1.1052 1.1082 1.1067 1.1062 
.25 1.1669 1.0955 1.0982 1.0968 1.0965 
.4 1.1299 1.0744 1.0746 1.0745 1.0734 
.6 1.0780 1.0472 1.0460 1.0466 1.0452 
.775 1.0280 1.0249 1.0208 1.0228 1.0206 
.875 .9914 1.0086 1.0028 1.0057 1.0030 
.9575 .9328 .9868 .9758 .9813 .9763 
1.00855 .0 .1669 .1600 .1662 .1626 
1 4 5 
3 - T y p e , ijj=45° 
x/c 2-D I TM III I I XM IV 
.0 .0 .3077 .2850 .2964 .2919 
. 0055 .0 .2021 .201 .2016 .2018 
.0125 .0 .1707 .1736 .1722 .1742 
.025 .0 .1415 .1452 .1433 .1457 
.055 .0 .1045 .1076 .1060 .1079 
.105 . 0 .0703 .0690 .0697 .0689 
.17 .0 .0463 .0474 .0468 .0473 
.25 .0 .0236 .0243 .0240 .0242 
.4 . 0 -.0091 -.0100 -.0096 -.0104 
.6 .0 -.0483 -.0533 -.0508 -.0540 
.775 .0 -.0836 -.0996 -.087 -.0915 
.875 .0 -.1104 -.1180 -.1142 -.1189 
.9575 .0 -.1446 -.1508 -.1477 -.1515 
1.00855 .0 -.1669 -.1654 -.1662 -.1626 
146 
a -Type , y / c = 1 . 5 
x/c 2-D 
M 
Ill III™ M IV 
.0 .0 .0 .0 .0 .0 
.0055 .8237 .7824 .7854 .7839 .7836 
.0125 1.0026 .9436 .9450 .9443 .9430 
.025 1.1054 1 .0390 1 .0419 1.0405 1 .0399 
.055 1.1667 1 .0990 1 .1016 1.1004 1 .0996 
.105 1.1871 1 .1170 1 .1237 1.1202 1 .1216 
.17 1.1823 1 .1145 1 .1178 1.1161 1 .1161 
.25 1.1669 1 .1036 1 1067 1.1051 1 .1052 
.4 1.1299 1 .0767 1 0779 1.0773 1 0768 
.6 1.0780 1. 0414 1. 0414 1.0414 1 0408 
.775 1.0280 1. 0107 1. 0097 1.0102 1. 0096 
.875 .9914 9886 9869 .9877 9873 
.9575 . 9328 9581 9551 . 9566 9561 
1.00855 .0 0 0 .0 0 
3-Type, y/c=1.5 
x/c 2-D II., 
M 
.0 .0 .4352 
.0055 .0 .3819 
.0125 .0 .3334 
.025 .0 .2783 
.055 .0 .2025 
.105 .0 .1325 
.17 .0 .0815 
.25 .0 .0377 
.4 .0 -.0194 
.6 .0 -.0765 
.775 .0 -.1215 
.875 .0 -.1524 
.9575 .0 -.1905 
1.00855 .0 -.2359 
III IIIM IV 
.4030 .4191 .4128 
.3687 .3753 .3712 
.3236 .3285 .3257 
.2726 .2755 .2743 
.2001 .2013 .2014 
.1334 .1329 .1295 
.0912 .0864 .0811 
.0377 .0377 .0377 
-.0191 -.0192 -.0194 
-.0772 -.0769 -.0777 
-.1214 -.1215 -.1211 
-.1511 -.1517 -.1518 
-.1851 -.1878 -.1855 
-.2340 -.2350 -.2300 
x/c 2-D IIM 
.0 .0 .0 
.0055 .8237 .8116 
.0125 1.0026 .9848 
.025 1.1054 1.0853 
.055 1.1667 1.1449 
.105 1.1871 1.1559 
.17 1.1823 1.1458 
.25 1.1669 1.1284 
.4 1.1299 1.0944 
.6 1.0780 1.0530 
.775 1.0278 1.0177 
.875 .9914 .9907 
.9575 .9328 .9427 
1.00855 .0 .0 
a-Type, y/c=1.4 
III III.. IV 
M 
.0 .0 .0 
.8091 .8104 .8090 
.9832 .9840 .9828 
1.0848 1.0850 1.0843 
1.1465 1.1457 1.1457 
1.1588 1.1574 1.1577 
1.1494 1.1476 1.1482 
1.1325 1.1305 1.1313 
1.0990 1.0967 1.0978 
1.0567 1.0548 1.0557 
1.0197 1.0187 1.0190 
.9918 .9913 .9914 
.9481 .9476 .9478 
.0 .0 .0 
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x/c 2-D II.. 
.0 .0 .0601 
.0055 .0 .0601 
.0125 .0 .0599 
.025 .0 .0592 
.055 .0 .0559 
.105 .0 .0472 
.17 .0 .0341 
.25 .0 .0187 
.4 .0 -.0054 
.6 .0 -.0285 
.775 .0 -.0406 
.875 .0 -.0425 
.9575 .0 -.0390 
1.00855 .0 -.0674 
3-Type, y/c=1.4 
.0620 .0611 .0629 
.0587 .0594 .0596 
.0583 .0591 .0592 
.0574 .0583 .0583 
.0537 .0548 .0545 
.0446 .0459 .0452 
.0323 .0332 .0326 
.0177 .0182 .0178 
-.0051 -.0052 -.0052 
-.0270 -.0278 -.0274 
-.0386 -.0396 -.0392 
-.0410 -.0418 -.0416 
-.0383 -.0387 -.0387 
-.0662 -.0668 -.0662 
150 
a - T y p e , y / c = 1 . 0 
x/c 2-D I XM III M IV 
.0 .0 .0 .0 .0 .0 
.0055 .8237 .8173 .8140 .8157 .8143 
. 0125 1.0026 .9930 .9902 .9916 .9904 
.025 1.1054 1.0966 1.0948 1.0957 1.0951 
.055 1.1667 1.1623 1.1621 1.1622 1.1623 
.105 1.1871 1.1804 1.1805 1.1804 1.1806 
.17 1.1823 1.1746 1.1744 1.1745 1.1745 
.25 1.1669 1.1585 1.1582 1.1583 1.1583 
.4 1.1299 1.1215 1.1213 1.1214 1.1214 
.6 1.0780 1.0717 1.0717 1.0714 1.0716 
.775 1.0278 1.0261 1.0255 1.0258 1.0258 
.875 .9914 .9912 .9906 .9909 .9909 
.9575 .9328 .9402 .9398 . 9400 .9401 
1.00855 .0 .0 .0 .0 .0 
x/c 2-D IT 
M 
.0 .0 .0082 
.0055 .0 .0082 
.025 .0 .0080 
.055 .0 .0076 
.105 .0 .0067 
.17 .0 .0054 
.25 .0 .0035 
.4 .0 -.0003 
.6 .0 -.0047 
.775 .0 -.0072 
.875 .0 -.0078 
.9575 .0 -.0080 
1.00855 .0 -.0158 
3-Type, y/c=1.0 
III III IV 
M 
.0084 .0084 .0086 
.0077 .0080 .0079 
.0077 .0078 .0078 
.0073 .0074 .0074 
.0065 .0066 .0066 
.0052 .0053 .0053 
.0034 .0035 .0034 
-.0003 -.0003 -.0003 
-.0045 -.0046 -.0046 
-.0069 -.0070 -.0070 
-.0074 -.0076 -.0076 
-.0076 -.0078 -.0078 
-.0154 -.0156 -.0154 
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